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ON THE GRAM DETERMINANT 
By C. F. MOPPERT (University of Melbourne) 
[Received 2 December 1957] 


Introduction 

Ix a recent note in this Journal W. N. Everitt has published some 
useful inequalities concerning Gram determinants defined over the 
integrable-square function spaces [see (1)]. In this note I state and 
prove a simple geometrical theorem in Hilbert space and then use this 
result to generalize the inequalities, given by Everitt in (1), to Gram 
determinants defined over an arbitrary Hilbert space. By a suitable 
choice of a projection operator on the Hilbert space of integrable- 
square functions the inequalities in (1) then follow as a special case 


of this more general result. 


1. A geometrical theorem 
Let x, y, a, b, c, and f, with or without subscripts, denote vectors 
from a Hilbert space #. The following definitions will hold: 
(i) Vifi.fo.-..f,) will denote the linear manifold in # spanned by 


the vectors f,, fo, fy; 
(ii) f{—M will denote the ‘distance’ of the vector f from a linear 


manifold M, i.e. | f—M) = inf{|f—x)|; xe M}; 

(iii) given f and M as in (ii), then f,, will denote that vector of M 
such that f—M)|| = | f—f,,|. It is known [see (2) 23] that f,, is unique, 
(f—fy,x) = 0 for all x in M and conversely, if f, ¢ M with (f—f,,7) = 0 
for all x in M, then f, = fy. 

THEOREM 1. Given the vectors a, a, d,..., a, and a projection P let 
6 = Pa, b, = Pa, (r = 1,2,...,%), then 

a—A| > b—B, (1.1) 
where A V(a,,@y,...,a,) and B= V(b,,bg,...,5,). Equality holds if 
and only tf Pa—Pa, = a—d,. (1.2) 

Since P is a projection, we have 

a—A|| = |a—a,|| > | Pa—Pa,| (1.3) 
and, since also a, € A, we have Pa, € B; thus, with (ii) above, 
|Pa—Pa,| = |\b—Pa,|| > |\b—B, (1.4} 
and the inequality (1.1) follows from (1.3) and (1.4). 


Quart. J. Math, Oxford (2), 10 (1959), 161-4. 
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There is equality in (1.3), since P is a projection, if and only if (1.2) 


is satisfied. 
To discuss equality in (1.4) suppose to begin with that (1.2) is 
satisfied. Let y ¢ B; then there is a vector x in A such that y Ps 


and 
(b— Pa,,y) = (Pa—Pa,, Px) 


(Pa—Pa,,x), since P is a projection, 
(a—a,,x), from (1.2), 
: 0, from (iii) above. 
Thus (5—Pa,,y) = 0 for all y in B, and so Pa, = bz, 
i.e. b—Pa, b—b, b—B, 
und equality holds in (1.4). 


On the other hand, if equality holds in (1.4), we have Pa, = by». 
Let a—a, = Pa—Pa,+c, so that ce A. Then, since for all x in A 
we have (a—a,,x) = 0, it follows that 

(Pa—Pa,,x)+(c,x) = 0. (1.5) 
Now (Pa— Pa,,x) = (Pa—Pa,, Px) 
(b -b», Pr) 
0, since Pre B. 
Thus, from (1.5), we have (c,2) = 0 for all 2 in A, and consequently c 
is the null vector of 7, ie.a—a, = Pa—Pa,. 
Thus there is equality in (1.4) if and only if (1.2) is satisfied, and this 


completes the proof of the theorem. 


2. Gram determinants 
Let G(f,.fo....,f,) denote the Gram determinant of the vectors 
SasFer---0Jn AX, iv. 
G(fi»fos--f,) = det [(f,,f,)] (1 < 7,8 <n). 
It is known [see (3) 13] that 
G( fis Ses-oesfn) = G( ferseoorSn)i Sir —V(fes--rSn)!l*, (2.1) 
and from this, or otherwise, it follows that G is real-valued and non- 
negative. 
THEOREM 2. Given the vectors a,, ay,..., a, and the projection P with 
Pa, (r ie. Ste n), then 


G (dy, 4y,...,4,) > G(b,, by,..., 6,) 


with equality if and only if a, = b, (r 
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The result clearly is true when n = 1 since P is a projection. Suppose 
then that the result is true for some n with n > 1. Thent 
G(Ay, Agye005 Uns Ano) = |!4,,44—A |G(a,, ag,...,4,), from (2.1), 
> a, .,—-A'\G(b,, bg,...,6,), from (2.2), 
> |b, .,—-B G(b,, bs,...,6,), from (1.1), 
G(b,, b3,..-5 8,5) 41), 


and (2.2) follows for the case n+1. There is equality if and only if 
b, (r = 1, 2,...,m) and also a, ,,—a, = Pa, ,,—Pa,. 

But by the induction hypothesis a,¢ A = B so that Pay = a4. 

This completes the proof. 


a, 


THEOREM 3. With the notation of Theorem 2 


(by, b9,...56,) Gay, Qy,...,4,) (2.3) 
SRS OT Gite, GasceinMasGnes) 


Proof. This follows directly from Theorem 1 and the relationship 
(2.1). 

Note. This result (2.3) has to be suitably interpreted if one or more 
of the @-factors is zero; this can be done consistently if Theorem 2 is 


used where necessary. 


3. The function space L* 

Let £, and £, denote measurable linear sets satisfying E, < E,. The 
function spaces L? on FE, and LZ on £, are defined in the usual manner. 
The notation | |, and (, ), (r = 1, 2) will be used for the norm and scalar 


product in these spaces. 

Let d(x) denote the characteristic function of the set F,, i.e. d(x) = 1 
for x in 2, and zero otherwise. 

To any function f(x) of L} we can associate in a unique way a 
function g(x) of L? by putting g(x) = f(x) when x € E,. On the other 
hand, putting f*(x) = (x) f(x), we have 

f*(xz)eL2 and |f*)\, = \g\\. 
Furthermore, if f;, fo, 91, Jo, fT. f= have the corresponding meaning 


then 
(S7.f2)2 = Gr G2) 
It is clear that the transformation on Lj defined by f* = ¢f is a 


+ A and B have the same meaning as in Theorem lI. 
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projection P (say), i.e., if Pf = f*, then 
pe=P and (Pf, fz)2 = (fy, Phr)e- 
With this interpretation of P and the space # it follows that 
Theorems | and 2 of (1) now appear as special cases, respectively, of 


Theorems 2 and 3 of this note. 


I am indebted to the referee for many improvements: in particular 


for completing the proof of Theorem 1. 
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SOME REMARKS ON VARIETIES OF GROUPS 
By GRAHAM HIGMAN (Ozford) 
[Received 19 December 1957] 


1. Introduction 

In this note three results are proved about varieties of groups. They 
have little in common, beyond the fact that they are foreshadowed in, 
or answer questions raised by Hanna Neumann’s paper (5). We begin 
by recalling the main facts. 

By definition, a variety of groups is a class of groups closed under the 
operations of taking subgroups, homomorphic images, and (strong or 
unrestricted) direct products. By a well-known theorem of G. Birkhoff 
(1) this is equivalent to saying that a variety is the class of all groups 
satisfying a given set of identical relations. Evidently we may take 
this set to be closed: that is, to include all its consequences. Then there 
is a one-to-one correspondence between varieties and closed sets of 
identical relations; the variety contains all groups which satisfy the 
relations, just as the set contains all relations satisfied by all groups of 
the variety. Obviously, if the varieties U, B correspond to the sets 
U’, V of identical relations, Uc B if and only if Vic U. 

An apparently difficult question here is whether or not there exist 
properly infinite descending chains of varieties; or what comes to the 
same thing, ascending chains of closed sets of identical relations. Since 
an identical relation follows from a given set of identical relations only 
if it follows from some finite subset of it, an equivalent question is 
whether every closed set of identical relations is implied by a finite set 
(in which case it is implied by a single relation). On the other hand, 
it is easy to construct properly infinite ascending chains of varieties, or 
descending chains of sets of identical relations. Here, however, we 
cannot deduce that there are varieties not generatedt by a finite set 
of groups because, owing to the direct-product condition, a group may 
belong to the variety generated by an infinite set of groups, without 
belonging to the variety generated by any of its finite subsets. And, in 
fact, every variety is generated by a single group, namely, its relatively 
free group on a countable infinity of generators. 

+ The variety generated by a set of groups is the least variety containing them 


all. 
Quart. J. Math. Oxford (2) 10 (1959) 165-78. 
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Two of the results here are connected with this question of the 
existence of a finite basis for a set of identical relations. First, we prove 
that a basis for the relations of the variety consisting of all groups all 
of whose two-generator subgroups are metabelian is provided by the 
identical relation ((x,y), (x-',y)) = 1. Secondly, call the variety U 
nilpotent if every group in U is nilpotent, in which case there is a common 
bound for the classes of the groups in U. Then R. C. Lyndon (3) has 
shown that the identical relations of a nilpotent variety are finitely based. 
We generalize this by showing that, if Uo B denotes the variety of 
groups with a normal subgroup in U with factor group in B, then the 
relations of Uo B are finitely based provided that U is nilpotent and 
the relations of B are finitely based. 

The third result concerns a slightly different problem. From the 
second characterization of varieties it is clear that a variety is deter- 
mined by the finitely generated groups belonging to it, in the sense 
that no other variety contains precisely the same finitely generated 
groups. One of the questions studied by Mrs. Neumann is whether in 


fact a variety is necessarily determined, in a similar sense, by its 


n-generator groups for some fixed finite n. I show that this is not so. 
More precisely, following Mrs. Neumann, but in a different notation, 
one may consider, for any variety &B, the variety B, generated by the 


n-generator groups of B, and the variety B" of groups satisfying those 
identical relations of B which involve at most n variables. (¥” is the 
variety of all groups whose n-generator subgroups belong to 8.) Then 
Bc Bc Br", and B, and B" are respectively the smallest and largest 


varieties having the same n-generator groups as 8. Moreover 
B,c Bc Bc...c B, ¢ 

is an ascending chain of varieties whose union generates 8, and 
ee eee ee ake oe 


a descending chain whose intersection is 8. Thus % is determined by 
its n-generator groups, for some n, if neither of these chains is properly 
infinite. For the second chain we have a special case of the problem 
of a finite base previously mentioned, which is not obviously easier than 
the general case. However, I show that the first chain is properly 
infinite if B = Wo B, where Y is the variety of abelian groups of prime 
exponent p, and $ is any variety, containing at least one non-abelian 
group, in which finitely generated groups are finite and of order prime 


to p. 
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2. Groups whose two-generator subgroups are metabelian 
THEOREM 2.1. A group satisfies the identical relation ((x, y), (2-1, y)) = 1 
if and only if all its two-generator subgroups are metabelian. 


Here, of course, (x, y) is the commutator x~!y-!xy; and the non-trivial 
part of the theorem is that the given relation implies that all two- 
generator subgroups are metabelian. For convenience, we abbreviate 
(x',y’) to c, ;, and write x = y for ‘x commutes with y’. Thus the given 


relation is 


(2.1) 


ad 
O11 <— ©-11- 
If here we substitute y“x for x, where a is an integer, positive or 


negative, we obtain —— 
C11 <C -1,a©-1,-a +1° 


This yields, by an obvious induction on ja|, the relation 
C1 =< Cia 2.2) 
for all integers a. Now make the further substitution of y~!x~1y for y. 


The result is _ all 
Cy C-4 <— ©-4,1©-a-1,1°-a,1- 


But c, ,¢_,, commutes with c_,, by (2.1), so that again induction on ja! 


gives ay 9 
C11 C11 < Cas: (2.3) 


We now prove by induction on |a| the relation 
C1) =< Cars (2.4) 
which is trivial, or given by (2.1), if |ja| < 1. Assume then that a > 1, 


and assume that c,, commutes with c,, if |i} <a. Then, in particular, 
> 
11 < “1-a,1- 


In this relation we substitute zyz~! for y. We obtain 


-. —> = 
C_44 <— ©-ai€-11> 


(2.5) 


which is to say C_11 <- C_q}- 
Comparison of (2.5) with (2.3) shows that ¢c,, commutes with c_,,; 
substitution of x~' for x in (2.5) shows that c,, commutes with c,). 
This completes the inductive proof of (2.4). If in that formula we 
interchange x and y, we get 

C11 = a: (2.6) 

Finally, we prove, by induction on |i|, that, for any integers i, 7 

Ch < Cj. (2.7) 
This is trivial, or contained in (2.2) and (2.6), if |i} < 1. Assume then 
that i > 1, and that c,, commutes with c,; if |a| <i. Then, inter- 
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changing x and y, we see that c, , also commutes with c;,. In particular, 


if a| <i, > 
11 < Cia 
In this relation we substitute y’x for x. The result is 
d, sa) 


where 


»—1 , ~—1 , 
dia i,i—Dr ©i,4—Dr+a ©i—1,¢—Dr+a +++ ~ 
‘4 —1 
X Co r+a 1 rta “1a 
Thus, remembering that we are assuming that c,, commutes with c, 


if k! < i, we have 1 e 
- i.i—Dr 


i,i-Dr+a 
for any integers r and a such that ja) <i. It follows that, if c,, com- 
mutes with ¢; ; for one value of j in the range 

(i—1)(r—1) <j < ((—1)(r+), 
it commutes with c, ; for all such j. Since these intervals, for successive 
values of r, overlap, and ¢,, commutes with c,;, by (2.4), ¢,, commutes 
with c,;; for all j. A similar argument shows that c,, commutes with 
c_,;, only starting from the relations 

C11 <¢ i,a* 

This completes the inductive proof of (2.7). 

The theorem now follows. For the derived group of {x, y} is generated, 
on the one hand, by the set of all c;;, and on the other by the set of all 
conjugates of c,,. By (2.7) the centre of the derived group contains 
¢,,, and so every conjugate of c,,, and hence it is the whole derived 


group: that is, {x,y} is metabelian, as required. 


3. Composition of nilpotent varieties 

If x, 2, %g,... are group variables, we define h,, inductively by setting 
hy = Xo, and h,,, = (h;,x;,,). Then a group, or a variety, is nilpotent 
of class n if h,, = 1 is one of its identical relations. Generally, we denote 
by H,(G@) the subgroup of the group @ generated by values of h,, for 
x; in G. It is well known that H,,(G@) is the normal closure of the sub- 
group generated by the values of h, for x; in some generating set of G, 
so that, in particular, to verify that G is nilpotent of class m one only 
need check that h,, = 1 for x; in a generating set. 

We recall that, if U and 8% are varieties of groups, U o B is the variety 
of groups with a normal subgroup in & whose factor group is in 8. 
Our object is to prove the following theorem: 


THEOREM 3.1. The identical relations of Uo ®B are finitely based 
so long as UN is nilpotent and the identical relations of B are finitely based. 
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We begin with some arguments similar to ones due to Lyndon (3) 
and Tobin |(6) especially Lemma 5.1]. Let F be the free group freely 
generated by 2, 2, %»,..... Let ; be the endomorphism of F which 
maps x, on 1, and x; on x; for j # i. Let F, be the kernel of 7;,, and, for 
any set J of integers, let F, be the intersection of the groups F;, for 
iin J. 

Lemma 3.2. If the number of elements in J is n, F, c H,,_,(F). 

This lemma is a consequence of a more precise result. The notion of 
a commutator in the generators x; is defined inductively; x; and 27? 
are commutators for all i; if y and z are commutators, so is (y,z); and 
nothing is a commutator unless it is required by these rules. The com- 
mutator u involves x; if it is either x; or 271, or (y,z), where y or z 
involves x; Then a commutator which involves n distinct x, certainly 
belongs to H,,_,(F), so that it is sufficient to prove the lemma: 

Lemma 3.3. Every element of F, can be written as a product of com- 
mutators, each of which involves x, for each i in J. 

This is trivial if J is empty; so we prove it by induction on n. Then 
we may suppose w in F, written as 

W = Uy Us Ug... U,, 
where each commutator u, contains each x; (j in J), with the possible 
exception of one fixed z,. Moreover, at the cost of introducing extra 
commutators which contain all x;, we can suppose that the u; not con- 
taining x, form the terminal segment u,,,...u,. But then 
1 = wr, = M441 --- Mp 


so that W = Ul, Ug... U, 
is the required expression. 
Next, we write y(1—7,) for y(yz;)-!, and note that, for any y, 


y(1—z,)a, = 1, y(1 —;)7; = yn(l —m;). 
Evidently, then, y(1—a,)(1—7,)...(l—7,,) 
belongs to F;,, where J, = {0,1,...,n}, and so, by Lemma 3.2, to H,(F). 
This can be expressed in the following terms. 
Lemma 3.4. For any n, any element y of F can be written 
Y = UV, Vg... U;, 
where u belongs to H,(F), and each v; is y*'14, 74, -+-%q, for some non- 
empty sequence Ay, Ag,..., a, of integers between 0 and n. 


It is a corollary of this lemma that any identical relation is equivalent 
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to a set of identical relations each involving at most » variables, together 
with a relation implied by h, = 1. The case n = 1 of this is due to 
B. H. Neumann (4), the general case to Lyndon (3), who used it to 
show that the identical relations of a nilpotent group are finitely based. 
Here we are interested in a different application. 

Lema 3.5. Let @ be a nilpotent group of class n, generated by elements 
g,. Ain A. Then G satisfies the identical relation w(2,, %,...,2%,) = 1 pro- 
vided that w(h,,...,h,) = 1 whenever hy,...,h, are words in the g, and gy' 
of lengths l,,..., l,, with Yl, <n. 

We have, of course, to show that w(h,,...,4,) = 1, when the h; are as in 
the lemma, but without the length restriction. We assume that h; is 
of length /;, where / = } /, is greater than n, and use induction on l. 
Now w(h,,...,4,) is obtained from 

Y = Wy Ty .0. Nyy; yy voe5 005 206 M-4) 
by a homomorphism of F into @ in which each x; maps into some gj. 
We express y in the form indicated in Lemma 3.4. Because / is greater 
than n, each of xp,..., 2, actually occurs in y, and the hypothesis of the 
induction therefore ensures that v; is mapped under the homomorphism 
into |. But uw is mapped into | because G is nilpotent of class n. Hence 
y is mapped into 1, giving the result. 

Theorem 3.1 is an almost immediate consequence. Let YU be defined 
by the identical relation a(x,,...,z,) = 1, B by the relation 6(...) = 1. 
Then in general we have as defining identical relations for Mo B the 
relations A(Yqs--5 Yp) = 1, (3.1) 


are = ’ ess ~ 
where Y; bS;' OS? ... bss, 


where ¢;; = +1, and the b,; are copies of b with non-overlapping variable 
sets. In general it is not clear that we can limit the values of s;, to 
obtain an equivalent finite set. If, however, YU is nilpotent of class n, 


we can include ( 


among our identical relations, and then, by Lemma 3.5, we need take 
in addition only those (3.1) for which ¥ s; < n, a finite set. 

In view of the results of the next section, it is perhaps worth while 
to add the following consequences of Lemma 3.5. 

THEOREM 3.6. A variety which is nilpotent of class n is generated by 
its n-generator groups. 

For, if not, the n-generator groups generate a proper subvariety, and 
therefore satisfy an identical relation not satisfied by all groups of the 
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variety. But it is a corollary of Lemma 3.5 [ef. also Lyndon (3)| that 
this relation can be taken to involve only n variables, and then, if it 
holds for the n-generator groups of the variety, it holds for all, a contra- 
diction. 


THEOREM 3.7. A variety which is nilpotent of class n is determined by 
its (n+-1)-generator groups. 


Suppose that another variety had the same (n+ 1)-generator groups. 
Then it also would be nilpotent of class n since the (n-+-1)-generator 
groups are enough to ensure this. Thus both varieties, by Theorem 3.6, 
are generated by their n-generator groups, which are the same. Hence 
the two varieties are the same. 


4. Varieties not determined by their n-generator groups for 

any 7 

Throughout this section we write 8 = WM o B, where W is the variety 
of abelian groups of exponent p, for some prime p, and % is a variety, 
containing at least one non-abelian group, in which every finitely 
generated group is finite and of order prime to p. It may be noted that 
there is no shortage of such varieties 8; by Lemma 4.3 below, or by 
B. H. Neumann (4), we may take % to be the variety generated by any 
non-abelian group of finite order prime to p. 

If X is a class of groups, the variety generated by X consists, of 
course, of the groups obtained from them by applying as often as 
necessary the operations of taking subgroups, homomorphic images, 
and direct products. But in fact, if we do it in the right order, we need 
perform each of these operations essentially only once. 


Lemma 4.1. A group G which belongs to the variety generated by X is 
a homomor phic image of a subgroup of a direct product of factors isomorphic 
to groups in X. 


For it is easy to verify that the class of groups described is a variety. 


LemMa 4.2. Suppose that either (i) X is a finite set of finite groups 
and G is finitely generated; or (ii) G is finite. Then G is isomorphic to 
a subgroup of a direct product of factors isomorphic to groups in X only 
if it is isomorphic to a subgroup of a direct product of a finite number of 
such factors. 


If G is isomorphic to a subgroup of a direct product of factors iso- 
morphic to groups in X, then it possesses a family of normal subgroups 
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intersecting in the identity whose factor groups are isomorphic to sub- 
groups of groups in X. But under either hypothesis of the lemma such 


a family is finite, and the lemma follows. 

Lemma 4.3. Suppose that either (i) X is a finite set of finite groups; 
or (ii) all groups in & belong to a fixed variety U in which finitely generated 
groups are finite. Then a finitely generated group G which belongs to the 
variety generated by X is a homomorphic image of a direct product of a 
finite number of factors isomorphic to groups in X. 

Lemma 4.1 assures us that G is a homomorphic image of a subgroup 
of a direct product of factors isomorphic to groups in X. This subgroup 
can evidently be taken to be finitely generated, and hence, under the 
second hypothesis of the lemma, to be finite. The result now follows 
from Lemma 4.2. It is, of course, a corollary that the first hypothesis 
implies the second. 

We show next that Lemma 4.3 applies if X is a set of groups in 
V= Ao B. 

LEMMA 4.4. Finitely generated groups in & are finite. 

If @ belongs to B, it has a normal subgroup N in Wsuch that G/N 
belongs to B. If G is finitely generated, so is G/N, so that N is of finite 
index in G. Hence N is also finitely generated, and so of finite order. 
The lemma follows. | Cf. (2) Lemma 4.2.2. 

Our final preparatory lemma states that in determining the finite 
groups in a variety we may confine our attention to groups with only 
one minimal subgroup. | Cf. (2) Lemma 1.2.1.] 


Lemma 4.5. Jf U and & are any two varieties of groups, every finite 
group in U belongs also to B, provided that this is true for every finite group 
with only one minimal normal subgroup. 

This is an immediate consequence of the fact that, if a group @ has 
two distinct minimal normal subgroups H and K, they intersect in the 
identity, and @ is therefore a subgroup of the direct product of G H 
and GK. 

We turn now to the special case of the variety 8B = Wo B. If G is 
a finite group belonging to 8, G has a normal subgroup NV in U& with 
factor group G/N in 8. Then N is an elementary abelian p-group and 
can therefore be thought of as the additive group of a vector space 
over the field F,, of p elements. Then the automorphisms of V induced 
by transformation by elements of G@ are linear transformations of this 
vector space, and constitute a representation of G/N over F,. Again, 
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by Schur’s theorem [Zassenhaus (7) 125], NV has a complement in G, 
so that the group G/N of % and its representation over F,, determine, 
as well as being determined by, G. Furthermore, the representation is 
completely reducible, so that N is a direct product of minimal normal 
subgroups of G, and, if N, is any normal subgroup of G in NV, then N is 
the direct product of N, and N,, where N, also is normal in G. 

Our aim is to determine the varieties that contain 8 and are con- 
tained in B. Evidently, from Lemma 4.5, the finite groups in 8 with 
only one minimal normal subgroup will be important here. If @ is such 
a group, then either N is 1, in which case G belongs to 8 and is from 
the present point of view uninteresting, or N is the minimal normal 
subgroup of G. In this case, the corresponding representation of G/N 
is evidently irreducible; and it is moreover [(2) Lemma 1.2.3] faithful; 
that is, @ is determined by an irreducible linear group over F, in 8. 
If X, Y are two such groups, we say that Y is a factor of X if there is 
a subgroup X, of X and a subspace Vj, of the space V on which X 
operates such that V, admits X,, and Y is isomorphic as linear group 
to the restriction of X, to V. A class X of irreducible linear groups will 
be called closed if it contains with X also every irreducible factor of X. 


THEOREM 4.6. Let X be a closed class of irreducible linear groups over 


F,, belonging to 8. Then there is a variety U(X) containing B and con- 
tained in B such that the finite group G in B belongs to it if and only if, 
for each minimal normal p-subgroup of G, the group of automorphisms 
induced in it by transformation by elements of G, considered as a linear 
group, belongs to X. Moreover every variety containing B® and contained 
in B is of this form for some closed class &. 


Let U,(X) be the class of finite groups described in the theorem and 
let U(X) be the variety generated by them. In order to verify that a 
finite group @ belongs to U(X) only if it belongs to U,(X) it suffices, by 
Lemma 4.3, to show that subgroups and homomorphic images of groups 
in U,(X) belong to U,(X), and that the direct product of two groups in 
U,(X) belongs to U,(X). Moreover, in applying the condition, to check 
that a group @ belongs to Uy(X), we evidently need consider only those 
minimal normal p-subgroups occurring in one fixed decomposition of 
the maximal normal p-subgroup of G into a direct product of minimal 
normal subgroups. For, by complete reducibility, every minimal normal 
p-subgroup occurs in some such decomposition, and, by the Krull- 
Schmidt theorem, the factors in any two such decompositions, in some 
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order, are isomorphic, as groups with operators in G, so that a fortiori 
the linear groups induced in them are isomorphic. 

Now let @ belong to U,(X), and let us seek to prove that the subgroup 
H of G also belongs to U,(X). Since we can pass from G to H via NH, 
where N is the maximal normal p-subgroup of G, there is no loss of 
generality in supposing the index of H in G to be either prime to p or 
a power of p. If it is prime to p, N is contained in H. We can decom- 
pose .V into a direct product of minimal normal subgroups of H by first 
decomposing it into a product of minimal normal subgroups of G, and 
then further decomposing these factors as necessary. Then, by defini- 
tion, the linear group induced by H in one of these minimal normal 
p-subgroups is a factor of the linear group induced by @ in the minimal 
normal subgroup of G containing it, and so also belongs to X. If, how- 
ever, the index of H is a power of p, then G = NH. Since N centralizes 
any p-subgroup of G, a minimal normal p-subgroup of H is normal also 
in G, and H induces in it the same linear group that G does, which is 
certainly in X. 

Next, we must prove that the factor group G/K belongs to U,(X), 
for any normal subgroup A of G. Here, using G/N 9 K as intermediary, 
we see that we may suppose that A is of order either a power of p or 
prime to p. If A has order a power of p, K is contained in N, and, by 
complete reducibility, a minimal normal p-subgroup of G/K is N, A/AK, 
where N, is a minimal normal p-subgroup of G, and the product NV, A 
is direct. If the order of A is prime to p, the same conclusion is imme- 
diate since AK and VN then commute element-wise. In either case, the 
linear group induced by G/K in N, K/K is isomorphic to that induced 
by G in N, and so belongs to &. 

Lastly, if @,; belongs to U,(X) (¢ = 1,2) and has maximal normal 

' p-subgroup N,, then the maximal normal p-subgroup of the direct product 
(7, @, is the direct product N, .V,. Thus we need consider only minimal 
normal p-subgroups of G, G, contained either in N, or in N,. The linear 

groups induced in these are plainly those induced by G, or G,, and so 
belong to X. This proves the first statement of the theorem. 

To prove the second statement, let U be a variety containing 8 and 
contained in &. Let X¥ be the class of those irreducible linear groups 
over F, belonging to 8 for which the corresponding group in B belongs 
to U. X is evidently closed, and we shall prove that U = U(X). Since 
every variety is determined by its finitely generated groups, a sub- 
variety of B is determined by its finite groups. Thus by Lemma 4.5 it 
is sufficient to show that the finite groups with only one minimal normal 
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subgroup in U and U(X) are the same. But, as was noted before the 
statement of Theorem 4.6, a group in 8 with only one minimal normal 
subgroup is either in 8, and so in both U and U(X), or is determined 
by an irreducible linear group over F,, in which case it belongs alike 
to U and to U(X) if and only if the irreducible group belongs to X. 


Remark 4.7, It should be pointed out that we have not yet used the 
hypothesis that 8 contains a non-abelian group, and Theorem 4.6 is 
therefore valid without that hypothesis. Theorem 4.8, which follows, 


is not; see example 4.9 below. 


THEOREM 4.8. The variety B is not generated by any finite set of finite 
groups: in particular, it is not generated by its n-generator groups for 


any finite n. 

We note first that the second statement is indeed a particular case 
of the first; for, if B were generated by its n-generator groups, it would 
be generated by its relatively free n-generator group, which is finite. 

Now, if r is an integer, those irreducible linear groups over F,, belong- 
ing to B which operate on spaces of dimension at most r over F, 
evidently form a closed class X,, and any finite set of finite groups in B 
will belong to U(X,) for r large enough. It is enough, then, to show that 
for no r does X, contain all irreducible linear groups over F,, belonging 
to 8. Now there is a non-abelian group G in %, which has therefore an 
absolutely irreducible representation of degree at least 2 over an exten- 
sion field of F,. The repeated Kronecker product of this representation 
with itself gives an absolutely irreducible representation of G” of degree 
at least 2”. This is contained as absolutely irreducible constituent in 
at least one irreducible representation of G’ over F,, which also must 
be of degree at least 2”. This is an irreducible linear group over F, 
belonging to 8 not in &,. 

We conclude with two examples. It is convenient to prefix them 
with aremark. It is clear that the correspondence between closed classes 
X¥ and varieties U(X) is one-to-one with the trivial exception that the 
variety 8 itself corresponds both to the empty class and to the cless 
containing only the unit group operating on a vector space of dimen- 
sion zero, if this is admitted as an irreducible group. For convenience, 
we insist below that an irreducible group must operate on a space not 
consisting of zero alone, and so resolve the ambiguity. 


Example 4.9. We write ,% for the variety of abelian groups of 
exponent , so that YW above is ,Y, and we take 8 = ,,U for some n 
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prime to p. Then Theorem 4.6 applies in virtue of remark 4.7. As 
defining identical relations for B one may take 

gr 1, (x,y)? i, 9) = 1. 

For n is prime to p, so that the third equation implies that the elements 
of order p generate an abelian normal subgroup, and the first two imply 
that its factor group is of exponent n and abelian. The irreducible linear 
groups in 8 are abelian and therefore cyclic, of order dividing n. Now 
for each divisor d of n there is, up to linear isomorphism, just one 
which is eyelic of order d, namely the 


irreducible linear group over F, 
group of dth roots of unity, operating as multipliers on the extension 
field of F,, they generate. If we denote this group by Za, it is clear that 


Z, is a factor of Z, if and only if d divides d’. 

It follows that the closed classes of irreducible groups, and hence the 
varieties contained in 8 and containing 8%, are in one-to-one corre- 
spondence with the trivially ordered subsets of the lattice of divisors 
of n. As defining identical relations for the variety we may take the 
relations of B together with 

(x", 4 
d,.) is the corresponding set of divisors of n, or x” | if 


where (d, 
It is then clear that B is determined by its two 


this set is empty. 
generator groups, and in particular, therefore, is generated by them. 

Example 4.10. Now let & = ,Y% again, but let B be the variety of 
groups with a central elementary abelian q-group whose factor group 
is again an elementary abelian q-group, where q is a prime different 
from p. Thus % can be defined by the identical relations 

xP l, (zy? =1, (2,y,z2h? =1, (2%, 9°) = 1. 

We wish to determine the irreducible linear groups over F,, belonging 
to B. The argument is essentially a repetition of that contained in 
(2) § 2.4, and we omit it, giving only what we need of the conclusion. 
The abelian irreducible groups in 8 are of course the cyclic groups of 
orders 1, g, q*, which in this context we denote by P,, P,, P,. Next 
come the non-abelian groups of order q°, which we denote by P, and Qs. 
If g = 2, it is immaterial which is which, but for odd gq we insist that 
P, is the group containing elements of order q?. For r > 1, we define 
inductively two groups, each of order qg**! with centre of order q, 
namely P,,,j, which is the central product (direct product with identified 
centres) of P,,, and Q,, and Q,,,,, which is the central product of 
Q.,-, and Q,. We also define, for r > 1, P,, to be the direct product of 
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P,,., and P,, identifying the centre of P,,_, with the subgroup of order 
q of P,. Then, up tv linear isomorphism, each group P, or Q; has just 
one representation as an irreducible linear group over F,,, and these 
exhaust the irreducible linear groups over F, belonging to B. It is clear 
that, if <j, then P, is a factor of P,, and Q, of Q;; and it is also true 
that @; is a factor of P;. When, however, we consider whether P; is 
a factor of @;, we find an essential difference between the cases q = 2 
and g odd, owing to the fact that the central product of two copies of 
P, is in the one case isomorphic to Q,; and in the other to P;. In fact, 
ifq = 2, P, is a factor of Q; whenever i < j, but for odd q only if i = 0 
or |. Thus in considering closed classes of irreducible groups, we must 
take the two cases separately. 

Ifq = 2, and X is a closed class of irreducible groups over F,, belong- 
ing to 8, we denote by i the smallest integer such that P; or Q, fails 
to belong to X, or oo if there is no such integer. Then, unless ¢ is an 
odd integer greater than 2, X¥ is determined by i, and we write it X;. 
If ¢ is an odd integer greater than 2, then there are three possibilities 
for X sinee it may fail to contain P; or Q; or both. We may denote 
these by Xi, X!, and X\® respectively. Evidently, of two closed 
classes with distinct suffixes, that with the smaller suffix is contained 
in the other; and X® is included in each of X\ and X‘®, which are 
incomparable. 

For odd q, a closed class X¥ is determined by i and j, which are 
respectively either 00 or the least integers such that P; or Q; does not 
belong to X; and we write X,; for ¥. Here iis any integer or is 00, 7 is an 
odd integer greater than 2 oriso,i <j+l,and2 < iif5 <j. Evidently 
x 


- 


ij is contained in X,, if i <a andj <b. 

In either case, by Theorem 4.6, the varieties contained in 8 and 
containing 8 are in one-to-one correspondence, with the closed classes, 
under a correspondence that preserves inclusion. I shall not attempt 
to write down the identical relations that distinguish between these 
varieties. This would not be uninteresting, but part of the point of the 
present treatment is to make it unnecessary. 
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ON THE SUMMABILITY OF A POWER SERIES 
ON ITS CIRCLE OF CONVERGENCE 


By T. M. FLETT (Liverpool) 
[Received 14 January 1958] 


1. This paper is concerned with a group of inequalities which are 
associated with the absolute summability and the strong summability 
of a power series on its circle of convergence. I have already discussed 
at some length the inequalities associated with absolute summability, 
but by considering these as part of the larger group of inequalities, we 
can throw some light on the nature of all these inequalities and their 
relations to each other. The paper is partly in the nature of a survey, 
but I have also attempted to fill some gaps which the survey discloses, 
Moreover, I give new and simplified proofs of several known results. 


2. We begin with some notation. A function ¢(z), regular in |z| < 1, 
will be said to be of ‘class H>’, where A > 0, if 


| f $(peid) as) (2.1) 


is bounded for all p < 1. It is familiart that, if 6 belongs to H’, then it 
possesses p.p. a non-tangential limit ¢(e%) as z > e’’, and ¢d(e) is of 
class IA in (—z,7). Moreover, the expression (2.1) is a non-decreasing 
function of p and tends to the limit 


{ ~ ; WA 
ia =| f igo)? aa} 
asp>l. i 
We write also, for any f of class IA in (—z, 7), 


fll, = (f f(@))* ao)" 


For any number k, used as an index (exponent) and such that k > 1, 
we write k’ = k/(k—1), so that k and k’ are conjugate indices in the 
sense of Hélder’s inequality. To avoid the necessity of separating 


+ See, for example, Zygmund (25) chapter 7. 
Quart. J. Math. Oxford (2), 10 (1959), 179-201. 
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various cases, we also adopt the convention that 1/k’ = 0 when k 
and that 1/k’ = 1 when k +-00, 

We use A(b,c,...) to denote positive constants depending only on 
b, c,...; A by itself will denote a positive absolute constant. 

Inequalities of the form 

L < A(b,c,...)R 

are to be interpreted as meaning ‘if the expression 7 is finite, then the 
expression J is finite and satisfies the inequality’. 

We also make frequent use of the Cesaro means of a series or 
sequence. Definitions and a list of identities can be found in (8), to 
which the reader is referred. 


Let now ¢(z) be regular in z < 1, let ¢(z) = Sc, 2", and let o}(6) 
0 


and 7*(#) be the nth (C,«) means of the series }c,e"’ and the 
0 


nif nid 


sequence nc,, ¢ respectively. The series ¥ c,,e”"'’ is said to be ‘abso- 


lutely summable (C, «) with index k’, or ‘summable |C, « ,.’, if the series 


> n*-1|\o%(0)—o%_,(0)|* = ¥ n-"|72(8)|4 


. 
converges, and to be ‘absolutely summable (A) with index k’, or 
‘summable |A ,’, if the integral 


p)* 1 d' (pé 0) k dp 


is finite.+ It is said to be ‘strongly summable (C,«+-1) with index k’, 
or ‘summable {C, «},.”, to the sum S(@) if 


m 
= ax(@)— S(8) * = o(m) 
0 
as m-»> %, and to be ‘strongly summable (A) with index k’, or ‘summable 
fA},.’, to S(@) if 
R 
[ (pe!) — S() * 
; (1—p)* 
, ; 0 
a 
R Oy ik 
; ‘ et) \« ] 
> o*(@) k O(m) or | b(p Mi dp = ol >)? 
0 (l1—p)* 1—R 
0 
+ For the general theory of summabilities |C,a|, and |A |, see (4, 5, 6, 7). 
{ For the general theory of summabilities {C,a},, {A},, {C,a},, and {A}, see 


(8). 
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we say also that ¥c,,e"® is ‘bounded {C,a},’ and ‘bounded {A},’, 
respectively. Finally, we say that }c,,e"’ is ‘summable {C,a},’ or 
‘bounded {C, «},” according as 


7*(0)* =o(m) or O(m), 


’ 


and that it is ‘summable {A},.’ or ‘bounded {A},” according as 


R 


, ' 1 
| (1—p)*-2\¢'(pe®) |* dp = of 3} or (3): 


0 
In all these we suppose that k > 1 anda > —1. 
With each form of summability defined above we can associate a 
function containing o?, 7x, or ¢. Thus with summability|C,a), and 
summability A |, we associate the functions 


hy (0) - -{3 n-!73(8) n 


°$ Vk 
and g 9) = f (1—p)*-1|\4'(pe®) |* ap| , 


respectively. With salad {C, x}, and {A}, (more precisely, with 
boundedness {C, a}, and {A},) we associate the functions 


Hi (0) = supl st >a! 


m 
and G,(@) = sup (a—z ) f (1—p)-?|4(pe") nea" F 
0<R<1 Pf 
respectively, while with summabilities {C,a«}, and {A}, (or, rather, 
boundedness) we associate the functions 


A, (9) = sup}, see ae |7%(0) | :. 


m 


and G,(0) = _muP {u-k ) i (1—p)*-*|4'(pe®) )* dp) 


1 
Here, as before, k > land a > —1. We have also four functions which 
are the limiting forms of these expressions as k -> 00, namely 


he(9) = Hz,,(8) = sup|77(9)|, 
g.(8) = G8) = sup{(1—p)|¢' (pe) |}, 
p 
and H.,, ,(0) = sup/o%(@)|, G,,(9) = sup|d(pe®)|. 
” p 
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We shall refer to h, H, and H as Cesdro-type functions, and to g, G, 
and G as Abel-type functions. 


To these functions we add two more, namely 


@(0) = sup'd(z))  (z € Q(@)) 


and 8(@) = | ({ '(z) * dal, 

£216) 
where dw is the element of area and ()(@) is the kite-shaped region in 
: < 1 bounded by the tangents drawn to the circle |z siny < | 
from the point z = e together with the further are of this circle.t 


The expression s*(@) is, of course, the area of the image of 2 under the 


mapping w = ¢(z), multiple points being counted according to their 
multiplicity, while ®(@) is the radius of the smallest circle with centre 


at w 0 containing this image. 


3. There are a number of inequalities connecting these functions, 
valid for each @, which are immediate consequences of various Abelian 
theorems proved in (4) and (8). Thus, for 1 < k <@ and a> —l, 


G, S Dk» A, < hy as (3.1) 
Fy, 441 < A(k, «)H, .- (3.2) 

Ifl<k<Il<qmanda > —l, then 

Gy, SG, My, H, G,<G, Hy, <H, 

Again, if # denotes any one of the three Cesaro-type functions, we 


have Hg < A(k,1, x, B)H (3.4) 


we have 


wa S Ay, ™ (3.3) 


for all a > —1, provided that either 
(i) l<xk<r<o and B>a+I1/k—1/r, 
(jii) l<k<r<o and BP=a+lI/k—I/r, 
or (iii) & Lf? © and BP >a+l. 
Further, if Y and # are any two associated Abel-type and Cesaro-type 
functions, we have G, < Ak, )H 5 (3.5) 
forl <k<oanda>-—l. 
We have also relations connecting the Q-functions with the Cesaro- 


+ More precisely, (2(8) is defined by the relations 


Zz sinn or |z—e| < cosy, |arg(e'"’—z)—@| < », 


577. 
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type and Abel-type functions, namely 
tS Alk,n)s (2 <k < ), (3.6) 
8< Ala,n)hg, («a > —1), (3.7) 
7 x ~~ G, < A(n)®, G,, < ®, (3.8) 
and ® < A(n)H,, (lS k<w,a>—l). (3.9) 
Here the relations (3.1) are immediate, (3.2) is the O-form of Theorem 
6 of (8), and (3.3) follows from Theorem 1 of (8). The case k = r = 0 
of (3.4) is trivial, and the remaining cases when # is either H or H are 
consequences of Theorems 2 and 3 of (8). The case r < © for H =h 
is proved in (4), and the case k < r = «© for # = his a consequence of 
the same case for 4% = H and of (3.1). The cases k = o0 of (3.5) are 
immediate, the case k < © when @ is either G or G is a consequence 
of Theorems 1| and 3 of (8), and the case k < «© when Y = g is proved 
in (4). Finally, (3.6)-(3.9) are proved in § 15 of (8). 
There are also inequalities of a Tauberian character, again valid for 
each 6; in particular we have Tauberian results of the form 


x < A(K)G,+A(k, 0) Fi (3.10) 
corresponding to the Abelian result (3.5). Here 9 and # are any 
associated Abel-type and aap functions, and 


Fr 


aera +1) i 
nbn , ip 3 nA) yg OF Ay ass 
m \m- a 


according as @ is g, G, or G, where p2*? is the nth Eset mean of 


the sequencet ; 
; n{nc,, er9_(n—1)c,,- . e(—1i9) | 


] 
& 


4. We have also a number of integral inequalities, which fall into 
two classes. First there are inequalities of the form 
| alla < A(k, a, A)|!G_!!, 
connecting a Cesaro-type function # with the appropriate Abel-type 
function Y, valid for certain k, «a, and A. An inequality of this type, 
which I shall call a ‘G#-inequality’, is essentially an ‘averaged’ 
Abelian theorem, and asserts that on the average %, , does not exceed 
some multiple of Y,, a result which is in general false for any particular 
6 [ef. (3.5) and (3.10)]. 
These 9#-inequalities are decidedly non-trivial, and only partial 
results are known. Thus we have 
gala S Ak, x, A)\\gulla (4.1) 
+ (7) Theorems 3 and 5, 
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forl<k<o,A>1,anda>lforforA >k > land «a > sup(1/k, 1/k’).t 
We have also Hy, all, < A(a,A)|IGal, (4.2) 
for A > O and a > sup(0, 1/A—1).§ 
We are able to complete the GH-inequalities: we prove in fact that 
Hy. 4, < A(k, «, A)|/G,!, (4.3) 
for l1 <k <aw,A > 0, and a > —1+sup(1/k’, 1/A, 4). 
Our knowledge of the GH-inequalities, like those of the gh-inequali- 
ties, is less complete, and here we can prove only that 
A. A> A(k, x, A) Gi, A (4.4) 
for either k = 0,A>1,anda>lorA>k>1and «a > sup(1/k’, 1/A, 3). 
The existence of (4.3) and (4.4) shows that (4.1) is not just an isolated 
curiosity, but one of a general class of results associated with these 
various methods of summability. We can also make the ‘average’ 
aspect more explicit in the case of these inequalities. Thus for instance 
we can show that, for k > 1 and a > sup(1/hk, 1/k’), 


0<\uj\s ml 


Hi (0) < A(k,a) sup } | Gk(O4 r) de} 
) 


A similar inequality holds between H and G. 


5. The second class of integral inequality consists of inequalities 
connecting the various expressions Y and # with (er), and here our 
information is much more complete. First we have inequalities relating 
the Y’s with 4, which I shall call ‘Y-inequalities’. These are 


Gril, < A(k,A)id|, (2k << w;A> 0), (5.1) 
Gill, < A(k,A)lidll, (lL < kK ;A> 0), (5.2) 
G,\|, < A(k, Aid|, (Lk < @w; (5.3) 
d |, < A(k,A)iigzi, (lL Ck < 2;A > 1; 6(0) = 0). (5.4) 


+ This case is contained implicitly in work of Zygmund and Sunouchi. For 
references see (4), 

t (4) Theorem 12, 

§ By the Hardy—Littlewood ‘Complex Max’ theorem [see (5.5)], we may 
replace G,, on the right of (4.2) by ¢(e), and in this form the inequality is 
familiar [see (4) and references given there]. 

In (4.4), and also in (4.1), we are unable to use the familiar reduction to the 
case of a zero-free d, and thence, by the transformation yi(z) = {¢(z)}#, to a case 
already proved. This is why we cannot extend the results to all A > 0. 





ON THE SUMMABILITY OF A POWER SERIES 185 

To these we may add the Q-results 
|), S AA)|ib\|, (A > 9), (5.5) 
8, < A(A)i}), (A > 0). (5.6) 


Here (5.1) and (5.4) are the Littlewood—Paley ‘g’ inequalities,t (5.5) 
is the Hardy—Littlewood ‘Complex Max’ theorem (9), and (5.6) is an 
inequality due to Marcinkiewicz and Zygmund (17). The inequalities 
(5.2) and (5.3) are immediate consequences of (5.5), (3.8), and (3.3). 
We may also deduce (5.2) from (5.1), (3.1), and (3.3). We note also 
that (5.1) is an immediate consequence of (5.6) and (3.6).§ 

The inequalities (5.1), (5.2), and (5.3) are the most natural means 
of proving that, if ¢ belongs to H4, then for almost all @ the series 
Yc, e" is summable |A|,, bounded {A},, and bounded {A},, respec- 
tively. To prove such a result we have to prove that the appropriate 
Abel-type function is finite p.p., and to do this it is natural to attempt 
to prove that this function belongs to some Lebesgue class L’. The 
actual form of the inequality is then suggested by considerations of 
homogeneity. There is, however, an alternative point of view. In 
virtue of the trivial inequality 


ip(e")| < G,(8) (5.7) 


and the case k = o of (5.3), we may replace ¢ throughout (5.1)-(5.6) 
by G,,, and then these inequalities fall into the same category as the 
GH -inequalities of § 4, i.e. they are essentially ‘averaged’ Abelian 
theorems connecting the various Abel-type properties (or Q-properties) 
with boundedness (A). 

We have one new inequality to add here, namely 


Pll, < A(k,A) |G, (1 Sk << aw; A> 0). (5.8) 


This, together with (5.3) and (5.7), completes the set of G-inequalities. 
We observe also that the corresponding G-inequality, namely 


P|, < Ak, A) Gy), 


+ Littlewood and Paley (15). For other references see (4). 

t This proof of (5.2) (for k = 0 and so for all k) is due to Littlewood and 
Paley (15) 58. 

§ It does not appear to have been observed hitherto that (5.6) implies (5.1) 
for k > 2. For a proof of (5.6) see Flett (3). 

| We recall here a result of Spencer’s (20) that, if s(@) is finite in a set E of 
6 of positive measure (the angle » of Q(@) varying with @), then ¢ possesses a 
non-tangential limit p.p. in £. 
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is false for every k > 1 and every A > 0. For, if 
D 


d(z) > za", 
0 


where a is any integer exceeding e’, thent 

$'(pet®)| < A(a)(1—p)+ (5.9) 
for p < land all #, so that @,,(@) is bounded (whence also G, is bounded 
for every k). On the other hand, there exists a sequence p, > 1 such 


— $'(p,e)| > A(a)(1—p,) (5.10) 


for all n and @. Hence also 
} r ' iB\ iA er = -1 
| \d'(p, e'”) do, > A(a)(1—p,,) 
for any A > 0, and so, by a theorem due to Hardy and Littlewood 
((10) Theorem 46], ¢ does not belong to H4 for any A > 0. 

We note finally that there are two outstanding questions here, 
namely whether the inequality (5.4) continues to hold either for 
1<k<2and 0 <A < lt or fork > 2 and any A > 0. 

This second class of integral inequalities contains also inequalities, 


which I shall call ‘7 -inequalities’, of the type$ 
Hl hy S A(h, 0, A)|\6\\y- 
We have in fact 
hy xi, < Alk, x, A)\\P\|, (2 < k < «3; A> 0; a > sup(1/k’, 1/A)), 
(5.11) 


Ay. «la < A(k, a, A)|iP\l, (1 Sk [3A > 0; a > sup(1/k’, 1/A, 4)), 


-_ 


Hy. 4! * A(k, x, A) \d'\y (1 = -_ o;A>0; 
x > —1+sup(1/k’,1/A,4)). (5.13) 


These # -inequalities are, of course, stronger than the Y-inequalities 
(5.1)-(5.3), but (except for & = oo) their proof actually proceeds via 
the G-inequalities. They should presumably be immediate corollaries 


+ For a proof of (5.9) and (5.10) see Littlewood (14) § 8.5. 
t For a partial result in this direction see (3). 

§ The reversed inequalities (when they exist) are immediate consequences of 
the corresponding 9-inequalities [(5.4) and (5.8)] and (3.5), and require no further 
mention, 

In view of the similarities between (5.1) and (5.3), (5.4) and (5.8), and (5.11) 
and (5.13), it is tempting to look for simple inequalities of the type listed in § 3 
connecting G, with g, and H,, with A, ,,,. However, there do not appear to 
be any such inequalities [see (8) § 14]. 
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of the Y- and Y#-inequalities, and this is in fact so for A > k. In the 
case of (5.11) and (5.12), the absence of complete information about 
the G#-inequalities prevents our using this approach for all A > 0. 
In the case of (5.13), the corresponding Y#-inequality (4.3) does hold 
for A > 0, but we cannot deduce (5.13) from (4.3) when 0 < A < &, for 
we actually use (5.13) in the proof of (4.3) for these values of A. 

The case k < o of (5.11) is proved in (4), while the case k = 0, 
which is also the case k = 0 of (5.12), is proved in (6).t— The case 
k > 2 of (5.12) is an immediate consequence of (5.11) and (3.1), and 
the case 1 < k < 2 follows easily from the case k > 2. Further, (5.13) 
is a consequence of (5.3), (5.12), and the case 9 = G of (3.10). The 
inequalities (5.12) and (5.13) can also be proved independently of each 
other and of (5.11), and these independent proofs are a good deal easier 
than is the proof of the case k < of (5.11). 

We note that, in virtue of (5.8), the result of (4.3) is a consequence of 
(5.13).§ 

I have a little to add here concerning these #-inequalities. Thus 
I give here a new and simplified proof of the case A < k of (5.11). We 
note also that the arguments of § 7 give a slightly improved proof of 
the case k > 2 of (5.12) and (5.13). Further, if we combine either (5.12) 
or (5.13) with Theorem 11 of (8), we obtain the following result. 


TuEeoreM 1. If ¢(z) = Sc, 2" belongs to Hin \z| < 1, where A > 0, 
and, if 1\<k<@ and «a > —1+4+sup(1/k’,1/A, 4), then Sc, e" is 
summable {C, a}, to d(e%) p.p. 


The case k = o of this theorem is well known. The case A > 1, 
k < @ is due to Chow (2), while the general case A > 0, k < «© was 
proved by the author in (6). The argument given in (6), however, 
makes use of the inequality (5.11) instead of the simpler (5.12) and 
(5.13). 


6. We pass finally to the limiting cases of the 9% - and # -inequalities, 
corresponding to the limiting values of a in (4.1)—(4.4) and (5.11)—(5.13). 
Here we have a number of different types of results according to whether 
we weaken the conclusion or strengthen the hypothesis. As an example 


+ For various cases of these inequalities see references given in (4), and also 
Koizumi (12, 13), Sunouchi (21, 22), Sunouchi and Yano (23), and Zygmund 
(28). 

t A proof of the case k < o of (5.12) independent of (5.11) is given in (6), 
and an independent proof of (5.13) can be constructed on similar lines to this. 

§ Our arguments, however, proceed partly in the opposite direction. 
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of the first type we have 


sup{ o%(8) log®(n+-1)}\, < A(A)'d'\y 
: I 


if (i)O<A<l,a 1/A—1, 8 1/A, (ii) lh<A<2,a=0,5 
or (iii) 2<A<0,f a 0,6 1/A’. Further, 


< 9 o\4 
2 \(log(n + 1))-®4\714(8) a) 5 A(A) d!\y 


Also 
A(A, un) dy 


supa) 4~1(0) 


nm 


Apu . 


- 


for 0 « < Sand 0 <p < 1, and 


hoy MA) Aw | A(A, 4) by 


for 0 <A<landO<y<l. 
As examples of the second type we have 


TT 7 


( sup o1*~1(6) 4 d@ < A(A) ( d(e%) Alog+ h(e!®)| d@+A(A) 


for 0 <A < $, and 


7 7 


+ 


( h} (0) dd < A(A) | |p(el®) A log* |p(e)| d@+-A(A) (6.6) 


- - 
forO0 <A< 1. 

Here cases (ii) and (iii) of (6.1) are due to Littlewood and Paley (16), 
the case A | of (i) to Zygmund (26) and the rest of case (i) to 
Sunouchi (21, 22). The cases A = 1 of (6.4) and (6.6) were proved by 
Zygmund in (26), while the cases 0 < A < 1 of these, and also the in- 
equalities (6.3) and (6.5), were proved independently by Sunouchi (21) 
and Zygmund (28). Finally the case A = 2 of (6.2) is due to Zygmund 
(26) and the case 0 < A < 2 to Sunouchi (21, 22). 

Of all these inequalities, the most difficult seems to be (6.1). The 
case 2 << A < wis proved by an application of M. Riesz’s interpolation 
theorem between A = 2 and A= 0. The case 1 < A < 2 can also be 
proved by interpolation between A = 1 and A = 2, by using a form of 
interpolation suitable for the classes H’.t The critical cases are there- 
fore0 <A<1,A=2,andA=o. The last of these is trivial, while 
for the second there are available relatively short (though not simple) 

+ This is the only point at which we consider A = ©. 


t Salem and Zygmund (19), Calderén and Zygmund (1). The original proof 
of Littlewood and Paley for the case 1 < A < 2 is extremely complicated. 
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arguments.+ On the other hand, Sunouchi’s proof of the case 0 << A < 1 
of (6.1), which proceeds via (6.2), is very complicated. It seems there- 
fore of interest to give a new proof of (6.1) for 0 < A < 1, and this I do 
in§ 10. It will be seen that in this proof we make no use of the oscillating 
factor in the integrand in the integral representation for o%(@). The 
proof of the case A = 2 of (6.1), however, seems to require some con- 
sideration of this oscillating factor, and is therefore considerably more 
delicate. 

At the same time I give a new proof of (6.2) and complete this result 
for all k > 2. We prove in fact that 

{ ¥ n-"(log(n + 1))-*|72(8) |F}¥*\|, < A(k, A)|\h ||, (6.7) 

fork > 2,A > 0,« = sup(1/k’, 1/A), and 6 = sup(1/k, 1/A). From this we 
can easily deduce limiting forms of (5.12) and (5.13). For A > k and 
for appropriate « and 6 we could also replace ¢ on the right of (6.7) by g,, 
thus obtaining a limiting form of (4.1), and this, moreover, for k > 1. 

Our arguments give also new proofs of (6.3) and (6.5) (the cases 
A = | of (6.4) and (6.6) being taken as known), but since these present 
no fresh points of interest I omit them. 

7. We pass now to the proof of the new results stated in §§ 4-5. 
For convenience we restate these as theorems, retaining the notation of 
§ 2. We deal first with (4.4), which we restate as 


THEOREM 2. If either k= a1, A>1 and a>1 o0orrA>k>1 and 
ax > sup(1/k’, 1/A, 4), then 
Ay a'|, < Ak, «x, A)|! Gly. 

The first case of this theorem follows by an obvious modification of 
the argument of Theorem 3 of (6), and we omit it. To prove the 
remaining case we require a number of lemmas. Some of these state 
more than is required in the proof of Theorem 2, but we require the 
complete versions later. 


Lemma 1. Let y >0, 3} < R< 1 and y(1—R) < 86. Then, for all 


real B, R 
| —p)P4p7 dp > A(B,8\y +1). 
0 

This is an improved version of Lemma 1 of (6). 
If y< 8+], 
4 } 
[ (1—p)®Apr dp > [ (1—p)P-4p®41 dp = A(B,8) > A(B,8)(y+1)-4, 
0 0 

+ Hardy and Littlewood (11), Yano (24). 
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the required result. Suppose then that y > 6+-1. Writing t = y(1—p), 
we get 


- % 
[ (1 —p)#-4pr dp = yb | -1(1 Ya > yA [ er —“Prau 
‘ y y 


. . 


0 y(1—-R) 
Since (1—t/y)” is an increasing function of y for y >t, and since 
y > 6+1 >t in the last integral above, we have now 
R §+1 
¥ t §+1 
[a —p)B-1py dp > y-F | e-(1 - 5) dt 


. . 
¢ 


0 
= A(B,d)y-* > A(B,8)(y+1)-*, 
again the required result. 
LeMMA 2. Let &(6) be periodic with period 27 and integrable in (—7, 7), 


and let x 


é*(0) = sup [1 [ eo-+1)| ar (7.1) 


0 u 7 


0 
Then, ifX > 1, E* |], < A’ Elly. 
This is a well-known result of Hardy and Littlewood (9). 
Lemma 3. Let £(6) be periodic with period 27 and integrable in (—z, 7), 


let &*(0) be defined by (7.1), and let 


r e041) 
D(p, 8) = 1—pewp 
* —__ npil 
If X > 1, then I(p,O+)\ < “oe ¥ tat 5 
—p 


9 


If X = 1, then T(p, 9)| Ag*(6) log — , 
—- 


The first result is Lemma 4 of (4). The proof of the second is similar 
to that of the first, and we omit it. 


Lemna 4. Let f(z) be regular and f(z) = in \z| < 1, let 


0<l<k<o, B= 7+ ;+7-1>0, and y>0. 


Then 
yu 


(n+1)-*8\d, k pnt “ < A(k,l, ” [ \f (pe#) || 1 —pe#|'y sal 
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This is a well-known theorem of Pitt’s (18). Pitt actually states the 
theorem for the case in which d, = 0, but this restriction is unnecessary. 

The remaining two lemmas are concerned with a majorant of H, ,. 
For any o and any R such that 0 << R < 1 let 


nc: Bo) = (a—m | [ a—pe- ee pat 
—pe"| 
—7 0 


(7.2) 
Then we have 


Lemma 5. Let] <k < manda > —1, let y = 0 or 1—2/k according 
ask<2ork>2, and let R = 1—1) ((m+1). Thent 


LS 0) < Alka) W(ka—ky: B, 6 (7.3) 
fc yA} < ACh, a) We(ka—ky; B, 8). 


By Lemma 4, we have 


S (n+1)-¥8\d, Kp™* < A(k) | |f(pet)|#|1 petty at 
0 
for any function f(z) = > d,,z" regular in |z| < 1, where either 
l<k<2, B=2/k-1, y=9, 
or 2<k<aw, B=0, y= 1—2/k. 
Applying this inequality to the function 
ED _ S wara(Oer 
we get 
m i atin es ip’ (peto+it) | \k 
> (n+1} kB \7%\kp <2< A(k, « a fit ia Hike ey (7.4) 
Let R = 1—1/(m+1). Then multiplying both sides of (7.4) by 
(1—p)**-*8-1, integrating with respect to p from 0 to R, and using 
Lemma 1, we get 


Ra 
m. 10+it) |k 

ae > os am |e < A(k, a(R) | [ (1—pyta-8- 1 et ne dtdp 

1 


0-7 
= A(k, «)Wk(ka—ky; R, 8) 
(since ky—k8—1 = k—3), and this implies (7.3). 
+ We note here that the case k > 2 of (7.3) is an improvement on the inequality 


(2.3.3) of (6), and may be used to effect a slight simplification in the arguments 
of Theorem 4 of that paper. 
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Lemma 6. Let k > 1 and o > 1, and let W be defined by (7.2). Then 


sup {Wk(o; R,0)} < A(k,c) sup (1 | 
0<R<1 O<\uls n{u a 
0 


Combining Lemmas 5 and 6 we obtain immediately the inequality (4.5). 


To prove (7.5) let 
R 


X(R, 6) : ( (1 —p)*-2 (pe i8) k dp, 
0 
so that X(R, 6) : - R)-1Gk(6). By integration by parts, we have 
R 


- dp 


R 
: (1— p)?-* 4 ; é {(1—p) )o- 1) 
= | X(p,6++1t O-+t r d 
(p t) [1 — pet |. j X(p, eal 1 — pelt | ap. 


Since 
é ((1=p)?")| — | € (Ue)? 7)) - ces . ee, 


ép||1—pe™|*}| ~ |ép\(1—pe)7f| S °°" 11- ‘iE =r “ty 


we obtain 


R 
e ° i0+it) k 


d’ 
(1 p)k+e 3 P |p 
l —pet a 


dp 


tk ee 
$4(e) [ (1p HOD 
- 1 —pel o 


_9 GE(0+t) 


(1—R)? i— Rete 


0 


Integrating with respect to ¢, interchanging the order of integration in 
the second term on the right, and using the first result in Lemma 3, 
we obtain the required inequality. 


Consider now the proof of Theorem 2. From Lemmas 2, 5, and 6 we 


have Hy all, < Ak, o)IIGplly (7.6) 


for A>k>1 and a> > oan k,1/k’). If now A>k > 2, we have 
(7.6) for « > 1/k’. wie > 2 > k, then we have (7.6) for «a > 1/k, and so, 
in particular, for a = : ii (3.4) and (3.5) we have also 


- A(a) Hy gy < Alk, a) Hy as 





ON THE SUMMABILITY OF A POWER SERIES 193 


and taking « = 2 and combining this with the particular case of 
(7.6) already proved we obtain 
|G@y\\, < A(k, A)||G\). (7.7) 
Since also Hy), < A(a,A)||@,!, 
for « > 4, and, by (3.3), Fi, . = Haws 
we obtain (7.6) for «a > 4. Finally, if 2 >A > k, we argue as above, 
replacing the index 2 by an index / such that A > / > & and as close 
to Aas we please. We then obtain (7.6) for a > 1/A, and this completes 
the proof of the theorem. 
We note that the argument which proves (7.7) gives also the more 
general result that G,\|y < A(kyr, ANG yl 
for |< k<r<o,A>k. This, too, is an ‘averaged’ Abelian 
theorem and asserts that on the average G,(@) does not exceed some 
multiple of G,(@), a result which is in general false for any particular 
6 |ef. (3.3)]. There are also results of this type for G and g; these can 
be proved by similar arguments. 
8. We pass next to the proof of (4.3) and (5.8). In virtue of (5.13) and 
(5.7), it is enough to prove (5.8), i.e. the theorem: 
THEOREM 3. If 1 <k < wand dA > 0, then 
bl, < A(k, A)||Gyl |). (8.1) 
An argument entirely similar to that of Theorem 2 gives 
Hy, «!\, < Ak, a, A)||Gy\y 
for A > k > 1 and a > sup(1/k, 1/k’). Combining this with (3.4) (with 
r = &), (3.5) (with k = oo), and (5.7) we obtain immediately the result 
(8.1) forA > k > 1.¢ It is therefore enough to prove (8.1) for 0 <<A<k, 
and for this we use Minkowski’s inequality. 
If0 <A<k, we havet 
R wu ¥ oe yea Z R . a Nk) RIA 
| (1—p) * dp} } \P(pe'*)| ad <| | aol | (1—p)~*| (pe \* dp) , 
—T —7 0 
4 \eA 


0 
Writing Y(p) = [ \b(pet®))> ao 
we obtain immediately = 

R 


r , “ k . 
(1—R) | (1—p)-*¥(p) dp < ||Gy_)y. (8.2) 
v0 
+ This argument is curiously indirect. Essentially we prove (4.3) forA > k > 1 
and (5.8) for 0 <A < k. 


t See, for example, Littlewood (14) Theorem 2 (7). 


3695 .2.10 Oo 
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Now let 0 < o < }. Since Y(p) is an increasing function, we have 
l1—o 1 —o l 


i (l—p)-?Y(p) dp > Y(1—2e) | (l—p)-? dp = >, Y(1—2e). 


7 


(8.3) 


. ’ 
1—2o0 1—20 


On the other hand, by (8.2), 


l—o l—o 

F 9" ij | ‘ ¥ 
| (l1—p)-*¥(p) dp = | ‘ G,. “ 
* * o ; 


1 


and combining (8.3) and (8.4) we get 


Y(1—2e) < 2)\G, A 
Making o + 0 we obtain now (8.1) for 0 < A < k, and this completes 
the proof of Theorem 3. 

9. We turn now to the proofs of the ‘boundary’ results of § 6, and 
begin with that of (6.7), which we combine with a new proof of the 
case A < k of (5.11). We state both results as 

THEOREM 4. Let 


. A . 6 k 
Jkex,5() = IS Trl ) 
\— n(log(n-+- 1))*?| 


) ve 


(so that jy 49 = hy). Then, if k > 2 and XA > 0, and if 
either sup(1/k’, 1/A) and 6 = sup(1/k, 1/A) 
or -sup(l/k’,1/A) and 6 0, 

A(k, a, A) db! )y. 


Jieub A * 
We require first the lemma : 
LemMMA 7. Let 8 >Oandy > 1. Then, for all 8, 
1 


| (1—p)? (log : ) dp > A(B,5)y~Fflog(y+1)}°. 
p) 


We have 
1 1-1/2y -1/2y 
| > | > A(B,5)y'!-Fflog(y 1. )}8 p’ dp > A(f, 5)y Blog(y- 1)}5, 
0 1-l/y 1—-1l/y 

Our proof of Theorem 4 depends on a majorant of j of the usual type. 
Let 


Jj, (0,8; 0) = Ja, 8; 8; d) 

1 7 

‘g 9 -ki( ’ iO+ityyn RE 1k 
=. (1—p)to+1-14-10(log - | id (pe ) dt dp 
b l — Pp | . l pé ai a | 


0 -7 





ON THE SUMMABILITY OF A POWER SERIES 

Then we have 

Lemma 8. Jf k > 2 and 0 <1 <  k, then, for all 8, 

Ji.asl9) < A(k, 1, a, 5) J, (a, 8; 0) (O< 1 < kh’; «> 1/l—1) 

and 
Jiws(9) < A(k 1, x, 8) J (a+ 1/k+1/1—-1,8; 0) (hk <l< kya > —1/k). 

This follows easily from Lemma 4 and Lemma 7 [cf. Lemma 5; in 
Lemma 4 take y = 0 or 8 = O according as 0 <1 <k’ ork’ <1 < kj. 

We require also two preliminary results which depend in turn on the 
case A = k = 2 of the theorem. For this case there are available several 
arguments which are not applicable to the general result, and we there- 
fore deal especially with this case. We use the formula 


1 7 
° 2 \-26 , 10+ it) |2 
Fe.a5(9) < A(a, 8) | (1- p)*(log., =| dp oe 5 i dt, (9.1) 


0 
which is the case k = 1 = 2 of Lemma 8. We note, however, that in 
this case Lemma 4 (on which the proof of Lemma. 8 depends) reduces 
to Parseval’s theorem, so that (9.1) is considerably more elementary 
than the general result of Lemma 8. 
We prove now 
Lemma 9.+ If either x = 6 = $ ora > § and 5 = 0, then 


Jens 2% A(a) d 2 


Consider the first. By (9.1) we have 


7 1 
, 2 4 ° , 9 \-1 ip’ (peler i) 2 
Jeaalg <A | dé | (1~p\(loe, =) dp j "1 — pew 


. 
0 


1 
A | (1p)(log ~ )" dp jr [ octane, 
: l—p — | 
0 


The innermost integral here is cannes of t _ is equal to 
2n n2\c Ca 25 2n- 


(by Parseval’s theorem), while 
7 


dt E 
[ — <A log 5— 


. 
-—_ 


+ Zygmund (26) gives an alternative proof of the first case of Lemma 9. 
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Hence 
1 


x x 
Jerallg < AD n*Ile,|? | (1—p)p™-*dp < A > |e, |? < Aldi, 
1 4 1 
0 
as required. The proof of the second case is similar, and we omit it. 
We can now prove our auxiliary results. 
LemMA 10, Let 
7 
f ? % nail he eib+it A 1A 
pO) = py(@; ) sup | (log #(p dt ; 
rh. ow 2£ Reg | 
—7 , 
If AX > 0, then Pr , — A(A)'!\). 
By the usual reduction to the case of a zero-free ¢, we may suppose 
A = 2. Then, by Parseval’s theorem applied to the function 
b(ze"”) - 
(1 z)* 1 _ > Ex an(O)z rs (9.2) 


we havet 


2a SY (En *)?\0,, *(8) |p? 


0 


n 
_— 


no} 7!(0) 252n_+ A > (n+1)- oa (0) a 
0 


noir 


wh, 
_— 


~ 
Ss 
a 
I 
x 
Ss 
— 
I 


9 \ 
1 (0) |2p?” +-A(log — Jsup o3 (8) /?. 
] P n 


\ / 


(log) ” : 
Since als 2"( log < —— , 
ince also Pp 8) ~ . log(n n 1) 


we have now p3(0) < Ajz, ,(@)+-A sup|o4(A)|?, 
n 


and the result now follows from Lemma 9 and a maximal theorem of 
Hardy and Littlewood (9) [actually the case k 2 of (5.13)]. 


Lemma 11. Let 


> > . : ( coil r (pe'?+##) A - 
Py,.(9) Py (9; ¢) a , —p)M | l — pelt “ m 


=~ 
IfrX > 0and p > 1, then 
Py a+ A(A, p) d a 
The proof of this follows on almost identical lines to that of Lemma 
10, and we omit it. 


+ We recall that, for a > 0, 


x 
Tn 
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It is enough now to deal with J, where / is at our disposal, and we 
distinguish two cases. For convenience we treat these in lemmas. 


Lemma 12. If A>k >2 and either o = 6 = 1/k or o > 1/k and 
sas July < Alk, A, 0) dp. (9.3) 
It is proved in § 3.6 of (4) that ifA > k >1,0 > 1/k, 6 = 0, then 
Sy. r < A(k, A, a) i » 
A similar argument (using the second result of Lemma 3 in place of 


the first) shows that this result also holds for 0 = 6 = 1/k. The lemma 
therefore follows with the aid of (5.1). 


Lemma 13. If k > 2,0<A<k, and either o = LA ora > 1/A 
0, the 
and 8 , then Jpaila < A(k,A, 0) lip lly. 


By the usual reduction, we may suppose that ¢ does not vanish in 
<1. Write then ¢ = #4, so that % is regular and of class H* in 


|z| <1, and ’ |X = A(k, A) blRAlp’ A, 


By Hdlder’s inequality with indices k/(k—A) and k/A, we have 


. d' (pe i0+ ity [A ( js ub( it) yt al —Ayk FY F ib’ (pet@+) * | Aik 


- A(k, A 
pe M. 


pel me | % 1—pe't + 
Zi (9.4) 
for any ». It follows now a pe = 1) that 
J} (LA, 1/A; 0; 6) < A(k,A)pk-*(0; Wb) JA, (L/h, 1/k; 8; wb). 


Integrating over (—7z,7), applying Hélder’s inequality with indices 
k/(k—A) and k/A to the right-hand side, and using Lemma 10 and the 
case A = k of Lemma 12, we obtain the first case of the lemma. 
Similarly, taking » = Ao in (9.4), we obtain 


Th \(0, 0; 0; 4) < Ak, A)PENG: IP (Z. 0; 8; ¥), 


and the second case now follows by the same argument as before, save 


that Lemma 11 is used in place of Lemma 10. 
From Lemmas 8, 12, and 13, we obtain the result of the theorem. 


10. We arrive finally at the proof of the case (i) of (6.1), i.e. 
THEOREM 5. If 0 <A <1, then 


sup{|on**(4)| /log'(n+1)}), < AQ)|iP lla. 
n>1 ' 
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By (9.2), we havet 


[ (pe iO. it)e nti dt 


1/A-—1 1/A-1 
"EK o (@) 
f n n ( l pe it) A 


1. Multiplying both sides by 


» 1A 
(1—p)'4 (log ~ 
l—p 


and then taking p = 1—1/(n+-1), we see easily that 


sup{ o~1(6)| / log! A(n+-1)} < A(A)r, (8), (10.2) 
n>1 

where 

. d(pei?+#) it 


it} 1/A |’ 


| ; 2? WA 
r,(@) sup) (1 p)i4 i{log | 
; p | l—p P 


1 — pe 


and the case A | of the theorem is now an immediate consequence 
of (10.2) and Lemma 10. 

Suppose then that 0<A< 1. Using the case 0 <A<k = 2 of 
Theorem 4, and applying once again the argument of Lemma 10, we 
obtain that 


e | » 2A 4 4, iO+it 27 4A 
sup, (1—p)** '(log a } | Plpe ) dt' dé 
» | l—p 1h i 


A(A) | ‘d(et’) 47 dé 
for 0 <A < 2 and for any 7 > 0. Choosing 7 = }, and then replacing 
4A by A, where now 0 < A < 1, we obtain that 


ry\l, < A(A)lidlla, (10.3) 


and again the result follows from (10.2).¢ 


11. There is an alternative proof of Theorem 5 which uses only the 
case A k 2 of Theorem 4 (and so avoids the use of the general case 
of Lemma 4).§ 


+ Here the oscillating factor e~"" in the integral representation for o}/4—1(@) 
disappears. 

t There are slightly easier methods of deducing the case 0 < A < 1 from 
Theorem 4 [see Sunouchi (21) Lemma 5], but I have selected one which makes 
explicit the reliance on the crude estimate of (10.1). 

§ On the other hand, it introduces an argument used by Zygmund (27) and 
the author (4) in the proof of the various cases of (5.11). 
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We require a lemma which is perhaps of interest in itself. It provides 
a substitute for regular functions for the case A = 1 of Lemma 2. 


Lemma 14. Let 


u 
. 


9 \-1 
qy(9) q,(9; 6) = supl(og 3 sup i | 
p | I—p} o<\uj<7\u 
0 


w 
d(pet®riv) a a) }° 
If X > 0, then Arla S A(A)|\$ ||, 

Let Z(p,u) = | d(pet+ir) A de. 


When 0 < |\v| < 1—p, the point z = pe“ lies in the kite-shaped 
region (2(@) for some fixed », so that 


sup Z(p,u) < O86). (11.1) 
0<|\u\s1l—p 
On the other hand, if 7 > |u| > 1—p and 0 < |v! < |u!, then 


u| > 4(1—p)+4)u! > Af{(1—p)?+u?}# > A|l—pe™| > A\1—pe*|, 


iO+ivy {A 
so that sup Z(p,u) <A F iB(pe'@*t > 4 dv. (11.2) 
1—ps|uicn jl1— pe’?! 


= 


From (11.1) and (11.2) we have now 
gh) < (8) + Apy(@), 


and the result then follows from (5.5) and Lemma 10. 

Consider now the proof of Theorem 5. By Lemma 10 and (10.2), it 
is enough to prove (10.3) for 0 <A < 1. And, by the usual reduction, 
we may suppose that ¢ ~ Oin |z| < 1. 

Since |4|4 is subharmonic in |z! < 1, 


blpe®) <5 =| d(piet®+i) | P(ph, t) dt, 


where P is Poisson’s kernel.t Since 


l1—p l—p 


- 


PON = Tem S Ape 


Lemma 3 now gives 


\l— pe ° ee 
(pet9+it) iA < A! 1—pe — sup (/ | 'b(p? et9+iv) |A ir). 
é } 


l—p o<\ui<n\u 


+ See, for example, Littlewood (14) § 21. 
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Hence 
| 2 \-1 A r (pe ib4 it) A 
r,(@) - A(A)sup_ (log . ;) | | “a = 7 a) x 


Pp 
7 


Ss \1/A-1 
sup (- | d(piet@+ir) A av) | A(X) p(0)qh A). 


0 u 7 “u a 
0 


Raising both sides to the Ath power, integrating with respect to @ over 
(—7,7), applying Hoélder’s inequality with indices 1/A and 1/(1—A), and 
using Lemmas 10 and 14, we obtain (10.3) as required. 
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EXPANSIONS OF WHITTAKER’S FUNCTION 
By A. 8. MELIGY (Alexandria) 
[Received 24 January 1958] 


1. Introduction 
WHITTAKER's confluent hypergeometric function (1) is defined, when 
2m is not a negative integer, by the equation 

— (4+-m—k),, 


M 


km\*) Z”. (1) 


nt 


4 


& n!(2m+1) 
0 


Slater [(2) (1.5)] has shown that this function can be expressed in 
terms of a series of Bessel functions. Her result can be written 

My m2) 

, (2k), (2m+- 2k) 


n! (2m+-1) 


2 (m+k+n)l,span($2)- 


m+ 


k 4m+k P(m +k) » (—) 


n=0 = 


(2) 

As is well known, the function /,,,(z) isof considerable importance in 
nuclear scattering problems (3). It expresses, apart from a certain 
factor, the regular radial wave-function of a particle moving in a 
Coulomb field of force. Expansions of .V,.,,,(z) in series of Bessel func- 
tions are very useful for computing the numerical values of the wave 
functions. The expansion (2) is not convenient for this purpose because 
in a repulsive Coulomb field the parameter k& is purely imaginary. 
Convenient expansions have been developed by Morse and Abramowitz 
((3) XVIII (2.1), (2.7)|. The object of this paper is to present an 
expansion of V,.,,,(z) which generalizes the expansions of Slater, Morse, 
and Abramowitz and, moreover, is capable of furnishing other ex- 


pansions. 


2. The expansion of .M,,,,(z) 
This function can be represented by the contour integral 
+) 


~\ —}-—m+k 
(—#) 2m (1 +3) e dt, (3) 


\ 


P(2m- 


2m 


=Ti 


Mim 2) 
where the path of integration starts at infinity on the real axis, encircles 
the origin in the positive direction, and returns to plus infinity; on the 
contour (z < ¢.. 


Quart. J. Math. Oxford (2) 10 (1959) 202-5. 
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Consider the factor (1+-z/t)-!~™** in the integrand and write 


(1-+-2/t)-#-m+* — (1+2/t)-4 2m+A(] 4-2 ym+k A 
where A is any number. Expanding the factor (1+-z/t)™**- by the 
binomial theorem into a uniformly convergent series, we have 


z\—}-m+k z\—}-2m+A Ae (A—m—k) z\", 
a a —_ cued OM Ee Ee: 4 
( ) ( ) ps n! ( i) (4) 


n=0 
Substituting (4) in (3) and integrating term by term, we have 


= P(2m 28 1) e jib +m 2 (A— te —h), 2" & 


2m 


My, (2) — n' 
n=0 ‘ 
(0+) 
e z\-} 2m+A 
a | ( —{)-2m 1 “( +3) e t dt. 


From (3), it follows that 


x 


My m2) te > = hn 2*° My nn stnmsin(2)- 


nl(? 

n!(2m+1 

n=0 ( Mn 

Now, applying (2) to the function M)_in.4nmsin(Z), we have 


26M, m+inm+}n(2) _ 4" D(A +n)z! A+m 


oo (2A—2m+-n),(2A+-2n), : . 
x S (—) ——__.— oa aos (A+n+v)J ins (42). (6) 
hand vi(2m+n-+1), 
v=0 
Substituting (6) in (5) and arranging the resulting series in a series of 
Bessel functions, we obtain 
(z) = 44T (A+ 1)zt+m- Zz a, 1,.,(42), (7) 


n=0 


M, 


km 
where 


1 — )" ——_________*_____- 9 f, 
“n n!(2m-+-1),,(A) _— 


») 9» ») a a ae he 2% . 
yn (2A 2m),,(2A),,(A+-n) | n, A—m—k, 2A nal (8) 


2A—2m, A+-4; 


Since @,,.) Dinst/@y Dan > 0 as n > &, the arrangement is permissible. 
The expansion (7) is valid when A is not a negative integer. It 
generalizes Slater's expansion, which corresponds to (7) with A = m-+-k. 
The expressions a, can be presented in the convenient alternative 
way, Lys 
. a, = Il, a, = —4k(A+-1)/(2m+1), 


a, = {4k?(A+-1)+(A—m)(1-+ 2m)}A+ 2)/(2m+ 1)(m+1), 
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and in was 
(2A-+4 2)(2A—2m+n—2) 


u ) f — Ake Bk scat he eli! 24826.) | 9 
— og n) | n-1 ~ (A+n—2) n-2} 9) 





This is useful for ae the numerical values of the coefficients of 
the expansion. 

Evidently (7) together with (8) or (9) could be used to write down 
suitable Bessel-series expansions for functions of the type 1/,.,,,(z). 
Examples of these functions are the incomplete gamma function, the 
error function, Fresnel’s integrals, and Weber’s parabolic cylinder 
function. In particular, when k = 0, 

M,,,,(2) = 2°™T(m-+ 1)z#I,, ($2), 
so that we can readily deduce from (7) and (9) the expansion given by 
Watson [(4) 139] of a Bessel function as a series of Bessel functions. 


3. The regular radial Coulomb wave-function 
This function, in normalized form, is expressible in terms of Whit- 
taker’s function (3) by 
F,(y,p) = C,(y)(2t)-*- Mi, 1 44(2%p), (10) 


where 
OL { 


(2L+1)!| 


L is the orbital angular-momentum quantum number, 7 = ZZ’e?/hv 


>, 9) 277 \t 


C,() (1? t n*)(2? T 7?)...(L? T p277) - << f 


and p= pvur/h; v is the relative velocity of the colliding particles, 
r is the distance between them, » is the reduced mass and Ze, Z’e are 
their charges. 

Using (7) and (9), we can expand F;(n, p) as 


F,(», p) = C,(y)2°0 (A+ lp’! > 6, Asn(p) 
0 


n 


where oe by 2n(A+-1)/(L+1) 
= {4n?(A T 1)- (2A—2L- 1)(L+-1)A+ 2)/( L T 1)(2L T 3), 
(/ =A — 2)(2A+ "——— 
nb, = 4 (4b, i- Grete te sh: <a Ry (12) 
(2L4 n) | (A+n—2) | 
This er ta the expansions given by Morse and Abramowitz. 
Morse’s expansion corresponds to (11) and (12) with A = L+4, and 
that of Abramowitz is obtained by putting A = 0. Taking A = 2L+1 
one also has the simple expansion 


F,(, p) = C,(y)224+1(2L+-1)! p-4 Send or+1+n(P)> (13) 
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where ¢ = 1, c, = 4n, C, = 87?—2L—1, 


ne, = 4nc,_,—(4L+n)c,_». (14) 
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APPROXIMATE VALUES OF LAME FUNCTIONS 


By C. G. LAMBE (Shrivenham) 
[Received 27 January 1958] 

Summary 

Ix this paper functions are derived which are approximate solutions 

of Lamé’s differential equation when the difference between two of the 

singularities is small. An approximate value of the characteristic para- 

meter is obtained, and the corresponding solutions are expressed in 


terms of associated Legendre functions. 


1. Notation 
Lamé’s differential equation in algebraic form is 
a lu 


4x'(x—1)*(x ket xai(x—1)i(ax a in(n+l)a—hiu =O (1. 
aX ar 


with k? - . Writing xz k°sn2(a,k) we have the Jacobian form 


d*u 


-—{n(n+1)k*sn2a—h}u = 0. (1.3 
d is 


Writing x p* we have the equation 


>, du 


° » 9 ‘ u 9 « 
(p*—1)(p*—A*) 737 p(2p*— ” —{n(n+1)p?—hiu = 0. (1.3) 
ap 


dp 

The linearized differential equation for the velocity potential of a 
delta wing at supersonic speeds expressed in terms of hyperboloido- 
conal coordinates r, 4, v has solutions (3) 

rE (p,)F (pe), 

where /, and F, are first and second solutions respectively of (1.3). 
Here p,; = vtany, pp = ptany, k® = 1—cot?m/cot*y, m being the Mach 
angle and y the semi-apex angle of the delta wing. As the Mach angle 
decreases, k diminishes, and an approximation in which k&* and higher 
powers of k may be neglected becomes possible. 

Ince (2) denotes the 2n+1 Lamé functions which are solutions of 
(1.2) as 

Ec™(a) (m = 0, 1,..., 2), Ea™(a) (m = 1, 2,...,%), 

the corresponding values of the auxiliary parameter h being denoted by 
a™ and b” respectively. When using algebraic functions, it is convenient 


Quart. J. Math, Oxford (2) 10 (1959) 206-13. 
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to denote the solutions of (1.3) as &c”"(p) and &s?"(p), these solutions 
being respectively even and odd functions of p. 

It is well known that the limits of a? and b” as k — 0 in (1.3) are 
each m?, and the Lamé functions which are solutions of (1.3) degenerate 
into associated Legendre functions: that is 


lim &c"(p) = lim 6 45() = = Pm,/(1—p*)}. (1.4) 
k-+0 k-0 


Lamé functions are usually undefined to the extent of a constant 
factor. The definition is completed by (1.4) if we specify the coefficient 
of the highest power of p as being the same as that in the corresponding 
associated Legendre function and independent of k. 

Expansions of Lamé functions in a series of associated Legendre 
functions have been obtained by Erdélyi (1), and it is possible that some 
of the results obtained in this paper are deducible from Erdélyi’s work. 

Since P”"|, (1—p?)} has a zero of order m at the origin, it is easily 
seen from Stieltjes’ theorem (4) that &c”"(p) and &s?"(p) have each m 
zeros in the interval —k < p < k, the interval being closed at one end 
to allow for a zero of the factor (p?—k*)! when it occurs. 

The corresponding Lamé functions of the second kind may be denoted 
by the symbols Fc”(p) and Fs”(p) and defined by the equations 








- (n+ m)! 6 [&cm!, (1 —s?)}]-? ds 3 
3 m _— Rte m u 1. 
Zone) (n— aa n(e) j (s?—1)*(s?@— 1-42)’ ae 
_(n+m)! oa {,/(1—s?)}]-? ds 
s™ Es! 1.6 
n(p) = ~ (n—m)! n(p) Kc (s* = ThNe —1+&k2)t’ sth 
where f = ,(1—p?). From these detabllaas it follows that 
lim. Fcr(p) = = in? F s™(p) = OM (1—p?)}. (1.7) 


k +0 


2. Approximation to the characteristic h 

Consider the polynomial Lamé functions of even order 2n and even 
rank 2m. These functions &c3""(p) are solutions of the differential 
equation 


(p?—1)(p?—K2) ot + p(2p2—1 —k2)  _ f2n(2n-+-1)p*—hJu = 0: (2.1) 
dp* dp 


that is, with # = 1—p?, 


(2—1)(2—14 ae a tt 2¢2— 2448)" (2n(2n-+1)(@—1) +h = @, 
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Let a solution of (2.1) be 


n 
—s yd 9 
—— > (3 2n) b pi-* 
l(4—2n-+r)r! ’ 
r=0 ad 


and let 6, be independent of k. Substituting in (2.1) we obtain the re- 


currence relation 

6.4 {(n—r)?(1+-k?)—}hib,+ k?r(n+ $—r)(n+ 1—r)(2n+}$—r)b,_,. 
(2.3) 

Let c, be the value of 6, when k = 0. Then c, satisfies a two-term 


recurrence relation, and we have 


r—1 
, . »\2 ' 
c, = [] {(n—s)?— }h}bp. 
s=0 
In this case the roots of the characteristic equation for h, found by 
putting c,., = 0, are 
h=4m? (m=0,1 
For a specific value of m, 
(n—m)!(n+my)! 
(n—m—r)!(n+m—r)! 





c 


It is evident that c¢, = 0 when r > n—m. 
If we write v(p) for the value of u(p) when k = 0 and h = 
2.2) becomes the%associated Legendre equation and, if 
(—1)"(4n)! 
§ > 
22"(2n)! (2n—2m)! 


= 4m?, 





= 


then v(p) = P(t) = PH{./(1—p*)}. 
We now assume that A can be expanded in powers of k? and write 
h = 4m?+-4ak?+ O(k*). 
Let the coefficients b, in (2.3) be of the form 
b, = c,+k*d,+ O(k'), 
and u(p) = v(p)+k*w(p)+ O(k4), 


5) 
-2n) 
2n-2 
.d,.p diie 


so that 
“ow ryr! 


In the recurrence relations (2.3) let r= n—m. Then 
{m?(1+-k?) —m*—ak?+ O(k*)}b, + 
+-k®(m+-4)(m-+ 1)(n—m)(n+m-+-4)b,, —~m-1- 


b 


n—-m+1 ~ 


Thus, equating to zero the coefficient of k*, we get 


d, may = (m®?—a)c,,+(m+4$)(m+ 1)(n—m)(n+-m-+- $)en m1! 
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that is, since (2m+1)c,,_.,-1 = Cn-m 


di, —m+y = {m?—a+4(m+1)(n—m)(n+m-+})}e, on. (2.5) 
Now let r = n—m-+1 in the recurrence relations (2.3) and we have 
by msg = {(m—1)9(1+-k?)—m?—ak?+ O(M) 36, maa + 
+ k?(m— })m(n—m-+-1)(n+m—4)b,, ms 
It will be seen in the next section that d,_,,,. = 0. Assuming this for 
the moment and equating to zero the coefficient of k* we have 
0 = (1—2m)d,,_ 4, +-m(m—4})(n—m+1)(n+m—F)e,_,. (2.6) 
From (2.5) and (2.6) we have 


2(m?—a)+(m+1)(n—m)(n+m--$) = m(n+m—})(n—m-+ 1), 


4a = —2m?+n(2n+1). 
Hence h = az = 4m?—}k*{4m?— 2n(2n+1)}4- O(k). (2.7) 


The above method applied to each of the different types of Lamé 
function for n even and m odd leads to a similar result, except in the 
case m = 1, which must be considered separately. 

Thus for &c?"(p) and &s?(p) (m # 1), 

am = b™ = m?— hk*{m?—n(n+1)}4+- O(k). (2.8) 
3. Solutions corresponding to approximate values of h 

Substituting the approximate value of h in (1.3) we have 
d*u - du 
——. + p(2p?—1—k?) — — 
dp? t P| p ) dp 

—{n(n+ 1)p?—m?+ $k?m?—}h*n(n+1)}u = 0. 
Writing u(p) = v(p)+k?w(p) and equating to zero the coefficient of k* 


(p?— 1)(p?—k*) 


we have 


2 J 9 
pret —1) 75 + ale) —{n(n-+1)p?—m?}w 
vy d 
= (p?—1)5 5+ po + Hm?—n(n+ 1)jo. (3.1) 
p p 
Now v(p) = Pm(1—p%)}, 


and the lowest power of p in v(p) is p”. Therefore the lowest power of 
p in the expression on the right-hand side of (3.1) is p”-*. By inspection 
of the left-hand side it is easily seen that the lowest power of p in w(p) 
cannot be less than p”™-*. This gives the reason for the assumption in 
§ 2 that d,_nss = 9. 

3695 .2.10 P 
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Writing t? = 1—p? in (3.1), we obtain 
l P P 
2 — ee 4 one +1) — {n(n-+1)(t2—1)+m?}w+ 
dt? 
d*y | dv 
+-(#—1)—_ + t-_ + }{m?—n(n+1)}u = 0. (3.2 
( FTE rit es ( Ms ait 
We can verify by substitution that w = }¢(dv/dt) is a solution of this 
equation. Substituting for w we get on the left 
72 ’ . © . 1 ; 
oe OP 4. 6(2—n2—n)t(t2—1)—mt}— | + 
dt 


+ (42—2)(2—1 
dt? = Me die 
rm e—1ye” dv 


dt? ¥ dt 
l/,d { , dv dv . .) 

t aa + 2t(t*—1 oe +.1)(#22—1)v—m2v 
i\ ao aye 1)? dp (t? Fr n(n-+-1)( jvu—m ‘ 


since v = P™(t). 
Therefore the complete solution of (3.2) is 


] 
jue —1)? 
4 


+ 4{m?—n(n-+-1)}v 


w= HE Pot AP™(t)+ BQ™(t), 


where A and B are constants. It is evident that B = 0, and, since the 


degree of w is n—2 in p ort, A -4n. 
. l/.d 
Therefore w = A : n) Pa 
Hence we have, for m + 1, 


l 
Ec™(p) = Pmt + ue(t! 
a f n (t) 4 dt 


d 
dt 


=n) Pre) O(k), 


& 37"( 9) - P(t) | }k? (5 n) Pa) + O(k*). 
4. Solutions when m = | 
Let a solution of (2.1) be 


u = (p?—1)'(p2—k?)# ‘S _Pa—2n) 


— r(4—2n—r)r! 


The recurrence relation obtained by substitution in the differential 


2n-2-2r_ (4.1) 


equation is 
bo, = {(n—}—r)?(1+k*)— ph}b,+ kr(2n+4—r)(n—r)(n—3—r)b,_). 
(4.2) 


r+1 


The characteristic values of h when k = 0 are 
h = (2m—1)? (m = 1,2...., 0). 
When m = 1, let h = 1+ 4ak?+ O(k4), b, = c,+k*d,+ O(k4). 
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= (n—1)!n! 
7 “= @—I—n!(n—r)t * 





In (4.2) let r = n—1; then, since 6, = 0, we have 
0 = {A(1+k2)—}—ak* + O(k4)}, 1 +H(m— 1) (n+ 2)». 
Equating to zero the coefficient of k? we have 
(f—a)e,_s+3(n—1)(n+9)e,-2 = 0, 


and hence 
4x = 14-(n—1)(n+ 3) 


= —4${1—2n(2n+1)}—} 2n(2n+ 1), 
h = 1—4k*{1—2n(2n+ 1)} — fk? 2n(2n+-1)+ Of"). 
This is the value a},, corresponding to &c},,(p). 
Similarly, for the solution 


“u = p(p? —1)! ~ 7 qa b pen? ar 


the recurrence relation is 
b,., = {(n—r)*k®+ (n—}—r)?— hho, 4+ kr(2n4+ 4—r)(n—r)(n+4—r)b,_,. 
Putting h = 1+-4ak?4+-O(k*) and r = n—1 as before, we have 

O = {k®(1+-a)4+ O(k*)}b,,_, + 3h?(n—1)(n+- 3)d, 2, 
and hence, using (4.3), we have 

4a = —}{1—2n(2n+-1)}4+} 2n(2n+1), 

h = 1—}k*{1—2n(2n+1)}+ fk 2n(2n+ 1)+ Of). 

This is the value 6}, corresponding to &s},(p). 
Similar results are obtained for Lamé functions of odd order, and we 

have in general 

al = 1—}k*{1—n(n+-1)}— }k?n(n+ 1)+- Ok"), 

bl = 1—}k*{1—n(n+ 1)}+ }k?n(n+1)+ Of"). 
In the case when m = | the equation (3.2) becomes 


(e— 1p oe + 2t(12— 1) — tn(n+1)(—1) + Tot 


$ (21) 0 4 1 5 py gnin tt dn(n+ Iv = 0. 
dt?" dt ws 


A solution is 


w= EDF —n)PLOFAI—#) PL, 
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and hence 


Eck(p) = Ph(t)+ 3k -n) PHO §k?(1—t?)-1 Pl (t) +- O(k4), 
&81(p) P(t)+4kh -n) PX(t) + 4k2(1 —t?)-1 P1(t)+ O(k*). 
( 


5. Functions of the second kind 


Substituting in (1.5) the approximate value obtained for &c™"(p), we 
have, when m + 1, 


> 9 1 
Em (1 8*)} p(s) 1 pias _ n) Pr(s) + O(k4), 
tf 


s 
ZZ amy m 1/.2: Pm 1 m d am 
F Cy Ap) @n (t) T ph? Pro} Vr (t) (e! dt n Prt) T 


P™(t) 


n 


(n-+m)! f (Pe a 


2(n—my)! 


t 


k2{ Pm(s)}-1s . P™(s)4 nk? ds 
ds 


tn 


: d : 
Qm(t)+ hk P(t) -1Qm (tye =; P(t) +-n}k2QM(t) + 


| k?(n+m)! P™(t) } Fe n(s)| *| , LPn'(s)] | ° 


4(n—m)! ds| s*—1 | gt] 


1 
pm —_ 
dt n | ) 
k?(n-+m)! t 
wae ae fpmit ) ‘ 
4(n —m)! (t2—1)' n | )s 


Ont) + JRA(n + ON) + PLP] On (ot 


, d d (n-+-m)! 
Now Orit j 7 Pat -P™(t)— Qt) = ——— se 
“ én , 9) n\ Na “) ~ (n—m)! (®@—1) 


Therefore, when m + 1, 
] \ 
F c”(p) F s”"(p) Q(t) } a(t tnt Lom + O(k4). 
t 


Similarly, when m 1, we find 


F cn\p) 1(t) + gk2(t + Qu - pk?(t2—1)-1Q}(t)+- O(k4), 


Fai(o) = Qi(t)+-jee{t—+n-4 1} Que) — Bk 1) 1Q1(t) + O(k*). 
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6. Lamé products 


Expressions for Lamé products follow from the previous section. We 


have, when m + 1, 


Ecr"(p). Fc™(p) = = P=) Q(t) +S jt Pn (NQn(t) + OUR"), 


od 


E8 s™™(p). F s™(p) = : (t)Qr(t) OF 


tP™(t)Q™(t) + O(k4). 
Also 
Ec\(p)Fel(p) 
PLINQM + HEF tPLNQLO —PE—1) PLO QO +004), 
E8\(p)Fsh(p) 


= P1(t)Q*(t)+ kes IPL (t) + 4k2(t2—1)-1 PL (t)Q2(t) + O(k4). 
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GENERALIZED MODIFIED STRUVE 
FUNCTIONS 


By A. W. BABISTER (Glasgow) 
[Received 27 February 1958] 


1. Introduction 

Ix this paper we consider two generalized modified Struve functions 
Q(a,e; x) and Q(a,c: x), defined in § 3 and 5. As shown in §7 these 
functions are particular integrals of the inhomogeneous confluent hyper- 


geometric equations 


d?y 1 2! ‘T(c) 
%—--. (¢ 2) —ay = = —— 4 
dx? = - (a) l(e—a) 


eit 


2 —e-1T/9 __ 
d*y . ad 2¢-11'(2 C) oar Lee. 


q + ( ¢ - ~ (i = - as Se 
dx? eo: P(a—c+1)P(1—a) 


2. Integral relations for confluent hypergeometric functions 
For ease of reference, we first summarize various integral relations 
for the solutions of the equation 


: d*y 4 x) dy 


j ( _ 0. 3 
; dx* dx - () 


where a and ¢ are constants. 
From (1) four such solutions are 
M(a,c; x2) = ,F(a,c; x), 
M(a,c: x) z1~QO(a—c+1,; nc ay. 


¥(a,¢; 2) = Z a. @P(a,c; x) + . = VB (a,c; x), 
P(a—c+1) T(a) 
V(a,c: x) e“¥'(c—a,c: —2). (7) 
When ¢ = 2a, as shown in [(1) 265] the above solutions can be 
expressed in terms of modified Bessel functions. Thus 
D(a, 2a; x) P(a+4)(fx)'-tet I, ($2), (8) 
M(a, 2a: x) I'($—a)(4x)!-*e! J, (42). (9) 


Quart. J. Math. Oxford (2), 10 (1959), 214-23. 
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As shown in [(3) 143] the solutions of (3) can be expressed in terms 
of the contour integrals 
1 (1+) 
¥,= —: | ertqa—1(¢_ ] °-@-1 dt, (10) 
2m | 
7 
(0+) 


w= = | emte-4(¢—1ye-a de, (11) 


I 


where / is the point at infinity taken in such a direction that 2t is real 
and negative. The contours for these integrals are shown in Fig. 1. 


Thus, if argr = 90 (—17<@0< 7), 
we take / as the point at infinity having argument 7—@ and 
argt = arg(t—1) = —7—0 


at the start of the contour. 
From (1) and (3), 


M(a,c; x) = i(27)e'™4@T(1 —a) P(e) (1 +a—e)ys, 
P(a,c; 2) = r'(2—c)y,4, 
WV(a,c; x) —eime-aT(] —a)yo, 


V(a,c; x) = e'™@+OP(1+a—e)y, (ima > 0), 


V(a,c; x2) = e'™4-OT(1+a—c)y, (imax < 0), 


(1+,0+,1—,0—) 
where Y3 =— — ertta—l(¢— 1)je-@-1 dt 
27 

I 


¥,| l —e27ia) — Yel Bh ames e27i(c—a)) 


(04 De +) 
%= ! : | erta-1(¢_— 1 )°-4-1 dt 


Qari 


(18) 


. ’ 
I 
= Yet mer 
Ys =" e27ia + yl 1 —e2rile—a)) (19) 


The contour for y, is shown in Fig. 1. 
As shown in (1), the path of integration for y, may be contracted to 
a finite contour (1+,0+,1—,0—). Finally, putting ¢ = 4(u+1), we 
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find that (17) can be reduced to 
(1+) 
im(a+cetz| (] —e2ina) i eru(] + y)@-1(1 —u)*-4-! du— 
0 
(-1+4) 
—{]—e2!me-a) | efeu(] +a)?" 1—u)e-4-! du |: (20) 
0 
where the arguments of 1+-u and 1—wu are both to be taken as zero at 
the start of the contours. 





UV : 
(1+ O72) (1+ Or) 


(im #2 > 0) 


(1+ O27) (1+O2) 


(im 2 < @) 


Fic. 1 Contours for 4, Yo. Y5- 


For rec ~ rea > 0, the contours of integration in (20) may be 
replaced by portions of the real axis, We find that 


P(c) 


P(a.c: x) .. a 
D(a) (e—a) 


1 
ei | (1—wu?)te- x 
0 


l+u 
< cosh} dau+ (a—}e)log, 


| aw (21) 


—u 
Put u cos @. Then (21) becomes 
tn 


id iz | (sin @)°-! x 


@(a,c; x) = 2?-* ______-¢ 

l(a) (e—a) 
0 

< cosh[42 cos 6@—(2a—c)log tan $6] d@. (22 

From (8), the integral formulae for J,(z) can be obtained immediately 
by putting c = 2a in (21) and (22). 
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3. Generalized modified Struve function Q(a,c ; x) 
Consider the function Q(a,c; x) defined by 


Qla,c; x) = i(27)-e'74@P (1 —a) P(e) PU +a—ce)a, 


where 
— (1+ ) 
;*  p—inlaic, yl = e2ina) | eizu(] Ly ja 11 = ye a-l dy+ 


i 
7 
0 


(—-1+) 
4 {] —e2ime a)\ | efzu(] + u)?-(1 —u)e “dul, (24) 
0 
Q(a,c; 27) w 


From (12) and (23), P( roy 
6..¢; Ys 


In (24), the arguments of 1+-u and 1—u are both to be taken as zero 


at the start of the contours. 
- 0, the contours of integration in (24) may be re- 


For rec > rea 
placed by portions of the real axis. We find that 


22-¢ Pc) ett [ (1—w?)ie-} x 


Qia,c; x at 
mene a [(a)P'(c—a) 


0 


x sinh| dau ~ (a—Je)log =| du. (25) 
-u 


Put u = cos@. Then (25) becomes 
P(e) r 
aie (e __-. 6 [ sin @)e-1 » 
L(a)P(e a) : aaa 
0 


sinh[ $2 cos 6—(2a—c)log tan 46] dé. 


Qi(a,c: x) 22-¢ 
(26) 


2a, from [(2) 38], 
Q(a, 2a; x) = T(a+})(fx)'-*e!* L, 4 (42), 


,(42) is the modified Struve function. 
- 3(u-+1), we see that 


When c 


where L,, 
From (24), putting ¢t = 


I +) 
F (q. e27ia) emta-l(t— 1)¢-4-1 dt+- 


4 
(0+) 
{] —e2rtle—a) | extta—1(¢ — 1)° a-l at| (28) 


+4 


Qi 
me 


| 
where argt = —2z and arg(t—1) = —z at the start of the contour. 
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Using (10), (11), and (19) we see, by deforming the contours, that the 
formula (28) can be put in the form 


= 
[ x dt} + 
271 i | 


I 


a) | X dt+2z7iy,— 


> 
Je 


I 
e27ia X at | (ima > 0), (29) 
i J 
z : ) 
' } | X dt+ 2mie-*7tay, —e2niie—m) | X ov a 
} i 


} 


oe I 
a dt L Dari Sridy, e27ia | D at|| (imx < 0), 
} 


(30) 
where p extta 1(¢—1)¢ a-l 


and the contours for y,, Y2, ¥s are given above. 
I 
The integrals | X dt can be taken along the line through t = 4 
i 
having argument 7—6, where argx = 0 (—27 <0 < 72). 


Putting ¢t 4+-v, we find that 


I x exp(in—i8) 
| X dt = e-27%€e em*(v+-4)¢-"v—4)- dv, (31) 
j 0 
where the arguments of v+4 and v—} are to be taken as 0 and z at 
the origin. 
From (23), using (14)-(16), we find that 
[ (C) vima <Me2'(e—a. c: —z) | (c) 


. — e'74eV (a,c; x2) — 
l(a) I'(c—a) 


Q(a,c; x) = 
2 explin—id) 


2eima-N'(c) oie eT*(v+-4)¢-(v—4)°-4-1 dv, (32) 


~ P(a)P(e—a) 


. 
0 


where € sgn(ima) = 1, —1 according as imz > 0, 


4. An alternative integral relation for 0(a,c; x) 

When 2 is real and positive and rec < 1, the contours for the two 
integrals in (28) can be deformed as shown in Fig. 2, part of each 
contour being a semicircle of large radius. Then, for z > 0, rec < 1, the 





GENERALIZED MODIFIED STRUVE FUNCTIONS 219 


—— — 


























Fic. 2 


contribution from the semicircles vanishes as their radius increases to 
infinity and we find that 
$— ai t+ ai 
wo= =i —etniey | X dt+ 2ie~®7!4y, — e27 lea) | X a| + 
sii ; ; 


t+ xt §— wi 


+-{1—e2rie—ay| [  X dt—e2nia X at |, 
t | J 


4— wi 
: ] . ; -. 
wo= (e 2mia__J)y. 4 = . [1 — 2e27 ia + e2ric] | X dt+- 
<7 
‘ t+ xi 
aoa 1 [l — De2rile—a)_1 e2ric] X dt. 
' 2m 
¢ 
Equation (33) can be simplified to give 
w = (e274 _ ] )y,—in-le-**4e12[ re Z(a,c; x)], 
where 
Z(a,c; x) ~ je-tna- be) e2mia_ 21 ¢—2mile—a)} * 
x | e'*¢(3—}i)*-1(¢4 fiye-e-4 ds. 
a 
From (13), (23), (34), if 2 > 0 and rec < 1, 


l+a—c)— 
Q(a,c; x) = Sara Blase: «)+ 


+ (2m?) 11 —a)P(c)P(1+a—c)e![re Z(a, c; x)]. 
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When c = 2a, using (9) and (27), we obtain 
2(4x)2-4 . = ai Pf 
Lg-4(42) = Ly-a($4)— -— | (14+-u?)*sin dru du, (37) 
vil (a) 


0 
in agreement with (2) [38 (54)]. 
5. Generalized modified Struve function Q(a,c; x) 
By analogy with (5) we define 
QO(a,e; x) = 2!-O(a—c+1; 2—c; 2). (38) 
When c = 2a, from (27), 
Q(a, 2a; x) ['($—a)(4x)!-4et* Ly _ (42). (39) 
From (32), (38), using the relations for ‘Y given in [(1) 257], we see 
that 
Q(a,c; x) 
'(2—c) '(2—c) 


: eima eV" (a,c: C) , _/__ gia, “Vic a.c: — 27) ae 
ae l\(a—c+1) 
xexp(imn—id) 


ayy »\yl—c 
——— ie e**(y-+4)*-4v—})-* dv. (40) 


+ f 
P(l—a)l'(a—c+1) 


. 


0 


We note that equations (32) and (40) are true for all values of a and c. 


6. Relations between contiguous functions 

Consider the integral 

exp im id) 
I(a,c; x) | ere+b(y+4)2-"(v—4)°-4-! dv. 
0 

Now I(a+1,c; x) I(a,c; x)+I(a,c—1; x). 
Integrating (41) by parts we obtain 

al(a,c; x) e'me—a)22—ceix _ (q—])] (a—1,c—1; x)— 


—(c—a—1)I(a,c- 


(c—a)I (a,c; x)+(a—1)I(a—1,c¢; x)+aI1(a,c+1; x) 
- — ein(c—a)9l ceiz, 
dI(a,c; x) 


From (41), 
dx 


= I(a+1,c+1; 2). 
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From (32), (42), (43), using the recurrence formulae for ‘Y given in (1), 


we find that 
(a—e+ 1)Q(a,e: x) —aQ(a+1,c; x)+(e—1)Q(a,c—1; x) = 0, 


OQ(a,c; 2) —Q(a—1,¢; x) —ae'OQ(a,e+1; x) = woe a). eit 
iam rts "Mei Fe—e+1) 
From (45) and (46), 


(4 1a, e+1; #)—aQ(a+1,c; x) 


Pr 22-T(c) oi 


~ — P(a)P(e—a) 


(a+a)Q(a,c; x)— 


From (46) and (47), 
(c—a)Q(a—1,c¢; r)+(2a—c+2)Q(a,c; x) —aQ(a+1,c; x) 


23-[T'(c) - 
= —_—- ——_———_ # 
(a) (e—a) 
From (45) and (47), 


(e—1)Q(a,c—1; 2) —(e—14+a)Q(a,c; x) + ea O(a, ¢+ 1; x) 


_ _—-28-eT"(e) , 
~ T(a)P(e—a) 


tz 


From (45) and (48), 
(a—1+-x)Q(a,¢; x) +(e—a)Q(a—1,¢; x) —(e— 1) Q(a,c—1; x) 


2-1) se 


~~ PYa)P(e—a) 
From (45), (46), (48), 
(e—1)Q(a—1,e—1; 2) + (l—e+2)Q(a, c; x) —“Q(a+ 1,c+1; 2) 
= Rai. ett, 
I'(a)P'(e—a) 
Similarly, using (38), we find that 


O(a,e; x) —O(a+1,c; x) ae! O(a,e—1; x) 
c—2 


9c = 
= igo ain ews 
(c—a)Q(a, c; x) +(a—1)Q(a—1, ¢; x) —(e— 1 )aQ(a,c+1; x) = 0, 
(a+-x)Q(a, ce; x) —(e—1)aQ(a, e+ 1; x) + (e—a—1)O(a+1,c¢; x) 
2e+11"(2—c) 


~~ P(a—e+1)r(i—a) 





eitzl-c, 





(45) 


(46) 
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(a—1)Q(a—1,¢; x)—(2a—c+2)Q(a, c; x) —(e—a—1)Q(a+ 1, ¢; x) 
—9c+1P(9_ 
an (2 3 —eltzi-¢, (55) 
I(a—c+ 1) (1—a) 
‘iso 1; x) —(e—1+-2)Q(a,c; x) +(e L)jrQO(a,c+1; 2x) 
MTs 
~ a1\(2 ed — eltzi-¢, (56) 
T(a—c+1)P(1—a) 


‘a . a Pa 
+ ar)Q(a,c; x)—(a—1)Q(a—1,c; a. ss : Q(a,c—1; x) 
c—2 
2°-T'(2—c) 
Pia—e+1)PQl 
,e—1; x)—(l—e +2) Q(a, ¢; x) —(e— lr Q(a+1,ce- 
an ed . 
- 272 . eityl-—c, (58) 
l(a—e+1)0(1—a) 
7. Differential equations satisfied by Q(a,c;x) and Q(a,c;2) 
From (32) and (44), using the recurrence formulae for ‘Y given in (1), 
we see that dQ(a,c: x) 
dx 


d"Q(a.c: x Ya+n) 
ins nt da ae OO) O(a +n,c+n; 2). (60) 
da” D(a) P(e+n) 


“Q(a+1,c+1; 2), (59) 
= 


From (51), (59), (60) we find that Q(a,c; x) satisfies the differential 
equation y 21-cP(¢) 


d*y (c x)! an 2. , 
“ Tia) P(e—a) 


x — 
dx* ° dx 


”, (61) 


Similarly, using (38), we find that 
1Q(a,e: x 2T(2—ce , 
eo; 2) (e—1)Q(a+-1,c+1; z)— — ( try — 
dx l(a—c+1)P(1—a) 
(62) 
20 as = r 
d wns waded de c(c— 1)Q a+2.¢+2: z)+- 
dx? 


2°T'(2—c) ; sre 6 
co : — el@7-*-1[9g+c—ta]. (63 
I'(a- c+1)r(1—a). ™ 4x]. (69) 


From (58), (62), (63), we find that Q(a,c; x) satisfies the differential 
equation 
2e-11'(2—c) 


d*y 
la sy yr l1—a) 


at (c— 2) Yay eltyl-c, (64) 
ax? 
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From (59) we find that 


P(ec—a+n)P(c) . 
= +n; 2). 65 
P(e—a)P(e+ n). Ts 





a” (e-*Q(a,c; z)] = (—1)" 
dx” 


8. Generalized modified Struve function 4, ,,(x) 
From [{(1) 264], the Whittaker function M, ,(x) is given by 





M,,(2) = e~#x*@(a,c; 2), (66) 
where Kk = $c—a, p = $c—}. (67) 
By analogy with (66) we define the function A, ,(z) hy the equation 
A, (a) = e-*atQ(a,c; 2), (68) 
where « and yu are given by (67). From (38), 
A,,_,(2) = e-#xteQ(a,c; 2). (69) 
When « = 0, c = 2a, from (27), 
Ao, (2) = 24T (w+ 1a? L, (42). (70) 
From (61) and (68), A,.,(z) satisfies the differential equation 
d —p? 2-%T(2u+ 
rat (att Sy 7 foe (71) 
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SOME REMARKS ON BOREL SUMMABILITY 
By M. R. PARAMESWARAN (Madras) 


[Received 9 March 1958; in revised form 31 October 1958] 


1. Introduction 
THESE remarks are suggested by the analyses of two recent papers 
(2, 4) whose notation and definitions are adopted here also, as regards 
the Hilder method (#, «) for any real number a, the Borel exponential 
method (B), the Hausdorff sequence-to-sequence method (H, ,,), the 
quasi-Hausdorff sequence-to-sequence method (H*,u,,,) [see also 
Remark | following the proof of Theorem 2 below], the Euler-Knopp 
method E(p), and the ‘circle-method’ 7p), each of the last two methods 
for 0 < p <1. The sequences transformed by these methods are sup- 
posed to be real unless otherwise stated. In the present note I show 
that the analogues for the method (B) of the Tauberian theorems for 
the Abel-method given in (2) hold, without any exceptional case as in 
(2). In §3 I give a more complete form of a result due to Ramanujan 
{(4) Theorem 8] on the summability of Borel-summable bounded se- 
quences by Hausdorff and quasi-Hausdorff methods. It may be noted 
that, whereas Ramanujan’s proof of his weaker form of the second part 
of Theorem 2 of § 3 makes use of Lorentz’s theory of ‘almost convergent’ 
sequences, the proof given by me here is independent of this theory 
and is therefore more elementary. Indeed, the theorems of Lorentz and 
tamanujan on the strong regularity of Hausdorff and quasi-Hausdorff 
methods respectively, and of Hill and Lorentz on the Borel property 
of regular methods are shown to be corollaries of Theorem 2 of § 3. 
2. Tauberian theorems 

In this section we use the phrase ‘summability method’ in a general 
sense: by a summability method, say A, we mean any method by which 
there is associated with every member of some class of sequences 
(‘A-summable sequences’) a number (‘the A-sum of the sequence’), 
and which has the properties (i)—(iii) given below: 

(i) A sums all convergent sequences; 

(ii) af [s] = {s,}, [t] = {t,} are summable-A to 1,, 1, respectively, then 
[s+t] = {s,+-t,} is summable-A to l,+-ly: 

(iii) if [8] = {s,} is summable-A to l and if A is any constant, then 
[As] = {As,,} is summable-A to Al. 


Quart. J. Math. Oxford (2) 10 (1959) 224-9. 
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We consider those summability methods A which satisfy, in addition 
to (i)-(ili) above, some or all of a number of propositions (I)-(IV) given 
below. Throughout this section the sequences concerned may be real, 


or complex. 


I'(n+1) 
(I I S. = oe —y, 
thd " — T(n+1—e) 
where rec > 0, then {s,} is not summable-A. 


(Il) Zf{s] = {s,,} is summable-A to 1, then the Holder transform H [8] 
is also summable-A to 1.+ 
(111) Zf{s] = {s,} is summable-A and if 
8,—8,-1 = 0(n-), (1) 
then {s,,\ is convergent. 


(IV) Jf [s] = {s,} is summable-A and if 
a. = o(log n), (2) 


n 
then {s,,} is summable-(H, 8) for some real number B. 

Proposition (I) isrelated to total regularity, (II) is a ‘product theorem’ 
satisfied by many well-known summability methods, and (III) is a 
Tauberian proposition which is true for most of the usual summability 
methods. Also, (1) implies (2) and therefore (IV) implies (III). 


THEOREM |. Let |s| = {s,,} be a complex sequence summable-A, where 
A satisfies (i), (ii) and (iii). For some real « and complex c let 
[w] = (H*—(c+1)H**")[e] converge (to ly, say). (3) 


Then the following statements are true. 
(a) Lf (1), (11) hold and if rec + 0, then Hs] is convergent. 
(b) Zf (1), (11), (IIL) hold, then Hs] is convergent also when c = 0, but 
perhaps not necessarily when rec = 0 (c 4 0). 
(c) Lf (1), (11), (LV) hold, then Hs] is convergent whatever be c in (3). 
Proof. If rec < 0, then by Mercer’s theorem [(1) Theorem 51] it 
follows directly from (3) alone that H%{s] is convergent. Therefore we 


let rec > 0 in what follows. 
Proof of (a). From (3) we see that the integer k can be chosen such 
wan (H°—(c+1)H")H*[s] converges to J). (4) 


+ It is in fact enough if H*{s] is summable-A to 1 for some real 8. We take 
B = 1 for simplicity. 


3695 .2.10 Q 
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Now, it follows from repeated applications of (II) that H*{s] is 
A-summable; (I) shows then that (in the case rec > 0) 
H*(s| is convergent. (5) 
We can therefore find an integer p such that 
H*+»+1(s| is convergent. 
Taking the H’-transforms of [w]| = {w,,} given by (3), forv = p, p—1.,,... 
1, 0 successively, we see that 
H***[s] is convergent (v = p, p—1.,,..., 0); 
that is, H%|s| is convergent. 
Proof of (b). After (a), we have to prove the result only for the case 
0. Letting c 0 in (3), (4) we have that 
(H°— H")H*|s| converges (to 1,, say). (6) 
Since both H*{s] and H**[s| are A-summable, it follows from the 
properties (ii), (11) of A that 7, = 0 in (6), which we can now write as 
(H-!— H°)H*+1{s] = {o(1)}, 
i.e. n(v,—v,_-1) = 0(1), where {v,,} = v = H**1[s]. Since {v,} is A-sum- 
mable, it follows from (III) that 
v = H**"|s]| is convergent. 
The argument after (5) shows again that H%[s] is convergent, and (b) is 
proved. 
Proof of (c). In view of (a) and (b), only the case c 4 0, rec = 0 
remains to be proved. Let now c 4 0. We may suppose, in (4), that 
limw,, = 1, = 0, for otherwise we have only to consider {s),} = {s, +1,/c} 


n 


instead of {s,,}. Following the notation used by Hardy in the proof of 


his generalization of Mercer’s theorem [(1) Theorem 52] and replacing 
' where {s*} = s* = H*|s], we have that ¢,, = o(logn), 


» ? “Te » §o*®? 
s,, there by ‘s * 


n a? 
whence 


= o(nlogn), 
so that < (1+-c)n-!u, +0(1) = o(logn). 
[t follows from (IV) satisfied by A and the A-summability of H*{s] in 
(4) that H*|s] is convergent. 
Using again the argument after (5) in the proof of (a), we see that 


H{s| is convergent, and thus (c) is proved. This completes the proof of 


the theorem. 
Remarks. (1) Abel’s method of summability satisfies (i)—(iii), (I), (II), 
and (III), but is not known to satisfy (IV). Borel’s method (B) satisfies 
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(i)-(iii) and all of (I)-(IV) also. A difficulty in any given case of a 
summability method is in verifying proposition (III) or (IV). 

(2) Lambert's method (L) also satisfies (i)-(iii) and (I)-(III) 
|(I1) follows from a result of Rajagopal’s (3), and (III) follows from (1) 
Theorem 233]. The results (a), (6) of Theorem 1 can thus be seen to 
be true for the method (L), without making use of the much deeper result 
that (L)-summability implies Abel-summability [(1) Theorem 260]. 


3. The methods (B), (H,,), and (H*, »,,;) 

Theorem 2 below improves Ramanujan’s inclusion theorem [(4) 
Theorem 8] for these methods in the case of bounded sequences. 

THEOREM 2. (i) The conservative methods (H,p,) and (H*, pw, ,,) will 
sum every Borel-summable bounded sequence o = {a,,} if 

limp, = 0, or equivalently, x(1) = x(1—9), 
where x(t) is a function of bounded variation in (0, 1) generating the moment 
sequence {u,|. The value of the limit is then given by 
L = [y(+0)— (0) A+[x(1)—x(+-9)]( B)-lim o, (7) 
where X = o, or 0 according as the method is Hausdorff or quasi-Hausdor ff. 

(ii) Zf limp, ~ 0, i.e. if x(1) ~ x(1—9), then the conservative methods 
(H,u,,) and (H*,u,,,,) will swum no Borel-summable bounded divergent 
Sequences. 

For regular methods, part (i) has been proved by Ramanujan (loc. 
cit.) who gives also an indirect proof of a weaker form of part (ii) [(4) 
210, remark on Theorem 8}. 

Proof of Theorem 2. Let t = {r,,}, 7* = {7%} denote respectively the 
transforms of the Borel-summable bounded sequence o = {o,,} by the 
conservative methods (H,,,), (H*,p,.,). Then 7, and 7* are each 
of the form 

e § 
> | Sra (t)on dx(t) (m > 1), (8) 


ri 
where 


fa(f) = (;)a—or-* or 0 according ask <<nork>n, (8a) 


when (8) gives 7,,, and 


Frl®) = (; 


n 
when (8) gives 7* [we may assume in (8b) that y(+0) = x(0)]. 


Jerse or 0 according ask >nork <n, (8b) 
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Now, by the boundedness of {o,} and the conditions on y(t), we can 


invert the order of operations in (8) and write (8) as 
; r 
| SSfrr(tho, dx(t) = | F(t; o) dy(t), (9) 
0 0 
where {F,(t;o)} is the transform of {a,} by the Euler-Knopp method 
E(t), or the circle-method 7'(t), according as we are considering {r,,} or 
f7*). Also 


Fi(t,o) <supo,! (09<t<ljn>0), 


and lim F,(t;0) = ag in (Sa), lim F,(t;o0) =o, in (8a) and (8b) 


t++0 t—+1-—0 


” 


Writing 
: : : : 
| F.(t;o) dy(t) = | ...4 we tn <2 
0 j 1-0 
and keeping » fixed and letting 6 0, we see that the expression in 
(9) is equal to 
1~0 
[x(+0)— (0) A+ | F(t; e) dx(t)+[x(1)—x(1—9)]e,. (10) 
0 
The methods H(t), T(t) are equivalent, for 0 <t <1, to the Borel- 
method (B), for bounded sequences. Since {o,} is bounded and Borel- 


summable, it follows that 


lim F,(t;0) = (B)-lime 
for each ¢ in (0,1), and hence the middle term in (10) tends to the limit 
| x(1—0)— x(+-0)]|( B)-lim o 

as 7 > O. 

If x(1) = y(1—0), then (10) shows that {r,}, {7%} converge to the 
limit / given in (7), and part (i) of the theorem is proved. 

If y(1) # x(1—0), we see again from (10) and the argument imme- 
L S_¥ 


diately following it, that each of {7,}, {7%} can converge only if {¢,,} is 


convergent. This completes the proof of the theorem. 

Remarks. (1) If (H*,,.,) is conservative, then for every given a, 
we have that {a, p), pig,...,... | is a moment sequence, generated, say, by 
the function y,(¢) of bounded variation in (0,1). But the expressions 
Xa(1)—x_( +0), and y,(1)—x,(1—0) are independent of a, which justifies 
the statement of Theorem 2 in the form given. It may also be noted 
that, though we have denoted the quasi-Hausdorff method as (H*, ,,,,) 
for the sake of a certain convenience of language, we could have denoted 
it also by (H*,v,). 
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The assumption that x(+0) = x(0) in (8b) is no loss of generality 
since 7% does not involve y(0) for n > 1. The assumption justifies the 
form (9) for 7* (n > 1). 

(2) In the case of regular methods, 

x(+9) = x(9), x(1)—x(+0) = I. 
Hence (7) reduces to 1 = (B)-lime. 

Strong regularity, Borel property. The methods (B), E(p), and T(p), 
for 0 < p < 1, are equivalent for bounded sequences and each of the 
methods sums all almost convergent sequences (which are necessarily 
bounded). Hence we can deduce immediately from Theorem 2 the 
following improvement of theorems due to Lorentz [(4) Lemma 14] and 

tamanujan |(4) Theorem 9]. 

THEeoreM 3. Each of the conservative methods (H,u,,), (H*, pu, .,) will 
either sum all almost convergent sequences, or will sum no such sequence 
which is not itself convergent, according as lim p,, is zero or non-zero. 

Finally, recalling that the method (B) has the Borel property, viz., 
that it sums almost all sequences of 0’s and 1’s to 3, we get from 
Theorem 2 the following result, of which the part concerning the regular 
method (7, ,,) has been given by Hill, and independently by Lorentz, 
and cited by Ramanujan [(4) 207-8]. 

THeoreM 4. The conservative methods (H,p,), (H*,p,.,) will sum 
almost all sequences of 0's and 1's if and only if 


limp, = 0. 


If the methods are regular, then this condition is equivalent to the Borel 


property. 
My thanks are due to Professor C, T. Rajagopal and the referee for 
their helpful remarks. 
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ON THE MEANS OF AN ENTIRE FUNCTION 
AND ITS DERIVATIVES 
By K. N. SRIVASTAVA (Allahabad) 
[Received 19 March 1958] 


1. Ler f(z) be an entire function of order p and lower order A and let 
er 
u(r. f) = = | | f(ret®) > dé, (1.1) 


0 


"eS ‘ 
palrf) = 5 | \sor(re'®))> dd, (1.2) 
oT . 
0 


where f‘"(z) is the nth derivative of f(z). It is known [(4) 192-5] that 
jim UP Howton nalr.f) _ e. 13) 
r+o inf log r A 
In this note I prove the theorem: 
THEOREM. For every entire function f(z) 
lim SYP loglrinalr Susi f IY?) _ p (1.4) 
logr A 


where 5 > 1. 
2. The proof of this theorem is based on the following two lemmas: 


LemMA |. For every entire function f(z) 


oes ., flog ps(r,f)]° 
mal’) > wslrf)] SEL) 
dr logr 
for allr > ro = rol f), where r_ depends only on f and 8 
Proof. We have 


pal f’) = - f (re) > dé 


__f (re!) —f(r(1—e)e’®) '8 
: 1 ree? ad 
0 


2a 
> 


> im (fir we te al ) ia (2.2) 


€-0 re 
0 


Quart. J. Math. Oxford (2), 10 (1959), 230-2. 
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By Minkowski’s inequality [(1) 384] 


| ( ( fire!®)|— set ee) “| 








2a re 
0 
Wd Fie wart | us 
> il(z [sire ae) -(% | iNe(—oe) 8) } (2.3) 
0 jo 
ji 1/8 __ om 18 
Bence [us(r.f’)P® > Him Hal L)P nae’ €),f)} : 20 
It is well known that g(r) = log us(7,f) 


logr 

is a monotone increasing function, say for r >r,(f). In fact G. H. 
Hardy [(2) 269-77, also (3)] has proved that logys(r,f) is a convex 
function of logr. Hence, for r > 79, 


ual LPS > uate J 2 2r0-Ag(r) = Mugler Spe BED, (2.5) 


rlogr ss 


a flog us(r,f)\? . 
i.e. walt. f’) > walt, J) ivleer 1° (2.6) 

Lemma 2. If f(z) is regular for \z| < R and if z = re®, O0<r< R, 
and § > 1, then 


a ag teen) |fieesitea ON 5 


lt) S logus(r,f)} || rlogr | 
log r yy" 
x }l } Sage - (2.7 
| * Vogue.) J° © 
Proof. By Cauchy’s theorem, 
S'Ol <5 a i (Re) db. (2.8) 
Also. by Hélder’s inequality [(1) 382], 
27 
Se 
tf (2)/6 <— [— __* id 
ree< (3 a sf te ) is) 
R® r 
< (aaj Raa ae | ROMP aD 
0 
: R (2.9) 


= GaP (R—vwrsl AS). 





232 ON THE MEANS OF AN ENTIRE FUNCTION 


' l $ 
Now taking R=r+ (oe } 
log s(7,f) 
and integrating the above inequality with respect to 4 between the 


limits 0 and 27 we get the result. 


3. Proof of the theorem. From (2.1) 
lim sup log[r{ {us(r.f’) Hal v; Ff) 319] 
r+ 2 inf log r 


and from (2.7 
tim SUP loglr{ualrf’Y/malr SF] 
now It logr 

Hence the theorem is proved. 


CoroLuary. Jf A = 1 and 


lim inf — V(r) oe P 
r+o rlogr 


where N(r) denotes the number of zeros of f(z) in |z r, then 


Balt.) < walt’) << pal, f™) <.. 
for allr > rp. 


This is because 


log us(r,f ) log .f f(ret®) +) 


and, since |f(re’’)| is continuous, we aie by Jensen’s theorem, 


log us(r.f) > = ai log| f(re'®)| do = 8 [a  dt—8log| f(0) 


0 
Therefore lim inf 08 Halr.f) 
rx ér logr 
Hence, for r 
fealr.S’)\'? ~ flogus(r,f)\ 
usr.) | | drlogr | 


Similar inequalities for higher derivatives give the result. 
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ON Q-SPACES AND COLLECTIONS OF CLOSED 
SETS WITH THE COUNTABLE INTERSECTION 
PROPERTY 


By R. W. BAGLEY (Hatliesburg, Miss.) 
and J. D. McKNIGHT Jr. (Palo Alto, Calif.) 


[Received 3 July 1958] 


[x this paper we consider spaces in which each collection of closed sets 
with the countable intersection property (c.i.p.) is contained in a collec- 
tion of closed sets which is maximal with respect to this property. 
Such a space will be termed an J-space. Results concerning Q-spaces 


are also obtained. 
Note 1. A space is countably compact if and only if each collection of 


closed sets with the finite intersection property (f.i.p.) has the c.i.p. 
Thus, by Zorn’s lemma, a countably compact space is an J-space. 
Note 2. A Lindelof space is a space in which each collection of closed 
sets with the c.i.p. has a non-void intersection. Thus, a Lindeléf space 
is an /-space. 
In Theorem 2, /-spaces and (Q-spaces are related, and the existence 
of normal 7,-spaces which are not /-spaces is demonstrated. 


THeoreM 1. Let X = U, X,,, where each X,, is a closed subset of X 
and is an I-space in the relative topology. Then X is an I-space. 


Proof. Let {A,} be a collection of closed subsets of X which has the 
c.i.p. Assume that {A,} is closed under countable intersections. For 
some mo, the set X,, intersects each set A,. Otherwise, the sequence 
{A,,}, where A, does not intersect X,, would have a void intersection. 
The collection {A, 9 X,,} has the c.i.p. since {A,} is closed under 
countable intersections, and each of its members intersects X,,. Let 
{Bg 0 X,,} 2{A, 9 X,,} with {Bg X,,} maximal in X,, with respect 
to the c.i.p. and Bg closed in X. The collection of all closed subsets of 
X each of which contains some member of {B, 9 X,,,} is maximal in 
X with respect to the c.i.p. and contains {A,}. 

Note 3. A slight generalization of Theorem 1 can be made. Instead 
of X = U, X,, it is sufficient to assume that X— U,, X,, is Lindeléf. 

Theorem 1 with Notes 1 and 2 shows the existence of J-spaces which 
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234 R. W. BAGLEY AND J. D. McKNIGHT Jr. 


are neither countably compact nor Lindeléf: for example, the union of 
a countably infinite number of countably compact spaces at least one 
of which is not Lindelof. 

Hewitt calls XY a ‘Q-space’ if every maximal free ideal of C(X, R) is 
hyper-real [(2) 85]. C(X, R) is the ring of continuous functions on X 
to the reals R. 

The following is a restatement of a result due to Hewitt [(2) Theorem 
50}. 

Note 4. X is a Q-space if and only if each collection Z(.M), where M 
is a maximal ideal in C(X, R), with the c.i.p. has a non-void inter- 
section. Z(M) is the collection of sets of zeros of elements of M. 


THEOREM 2. A normal I-Q-space is Lindeldf. 


to the c.i.p. Let {Z(fg)} be the collection of all zero sets such that each 
fg is zero on some member of {A,}. The collection {fg} is an ideal in 
C(X, R) and is maximal in C(X, R) if and only if {Z(fg)} is maximal 
with respect to the c.i.p. If {Z(fg)} is not maximal, then there exists 
a zero set Z which intersects each member of (Z( fg)} but is not a member 
of {Z(fg)}. Thus, Z is not in {A,} and, since this collection is maximal 
with respect to the c.i.p., it contains a set A such that ZN A = 0. 
But, since X is normal, there is a zero set Z, which contains A and does 
not intersect Z. This contradicts the assumption that Z intersects 
each member of {Z(fg)} since, by the definition of this collection, Z, is 
a member of it. Since X is a Q-space, by Note 4, Mg Z( fg) # 0, and 
since a closed set in a completely regular space is the intersection of 
the zero sets containing it, Ng Z(fg) =, A,. This shows that each 
maximal c.i.p. collection of closed sets has a non-void intersection. In 
an I-space this is clearly equivalent to the Lindeléf property. 

The condition of normality in Theorem 2 can be relaxed somewhat. 
It is easy to see that it is sufficient to be able to separate, by disjoint 
zero sets, pairs of disjoint closed sets Z, A, where Z is a zero set and 
both sets are uncountable. The uncountable part follows from the fact 
that, in any c.i.p. collection of closed sets, each member must be un- 
countable unless the intersection of the entire collection is non-void. 
For an example of a completely regular /-space in which the only pairs 
of disjoint closed sets which cannot be separated by open sets contain 
one countable set see [(2) 69]. By the theorem such a space is not a 
Q-space since it would be Lindeldf and thus normal. In this connexion 
we recall [(2) Theorem 19] that, if X is a 7,-space in which each pair of 


Proof. Let {A,} be a collection of closed sets maximal with respect 
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disjoint closed sets can be separated by a pair of disjoint zero sets, then 
X is normal. 

There are normal Q-spaces which are not Lindeléf [(2) 87]. As a 
matter of fact, Bing [{(1) 361] has shown the existence of normal 
(-spaces which are not paracompact, and so not Lindeléf. Such spaces 
are not J-spaces by Theorem 2. Particularly, an uncountable discrete 
space with non-measurable cardinal is a Q-space [(1) 352] which is not 
Lindelof, and hence not an J-space. This is equivalent to the statement 
that an uncountable set with non-measurable cardinal contains a col- 
lection of subsets which has the c.i.p. and is not contained in a maximal 
c.i.p. collection. This presents the following problem: construct a c.i.p. 
collection of subsets of some uncountable set which is not contained in a 
maximal c.i.p. collection. 

Tueorem 3. A 7,-1-space X can be densely embedded in a Lindelof 
space by applying Wallman’s compactification method (3), where the points 
of the embedding space are the maximal c.i.p. collections of closed subsets 
of X. A completely regular T,-space X can be densely embedded in a 
(-space, where the points of the embedding space are the collections of zero 
sets of maximal ideals in C(X, R) which are maximal with respect to the 
c.i.p. This Q-space is homeomorphic to v(X), the subspace of B(X) on 
which all bounded continuous functions can be extended to B(X). 


The proof is straightforward. 
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ON TWO MANUSCRIPTS BY BISHOP BARNES 
By W. N. BAILEY (Eastbourne) 
{Received 7 November 1958} 


1. Ar the end of his classical memoir ‘On generalized Legendre func- 
tions’, published in 1907, E. W. Barnes (3) stated “To be continued’. 
In 1954, when I was writing an obituary notice of Barnes for the 
London Mathematical Society, Professor G. N. Watson suggested that, 
in view of the note at the end of the 1907 memoir, I should ask Mrs. 
Barnes if her husband had left any unpublished manuscripts. At the 
time only one manuscript could be found, and this gave the formula 


B—y+1; 2(1—Z), Z(1—z)] 
= F(a,B; y; z)F(a,B;a+B—y+1; Z), (1.1) 
valid inside simply-connected regions surrounding z = 0, Z = 0 for 


which 2(1—Z)/#+ |Z(1—z)|? < 1. 


This formula may be regarded as giving a case when Appell’s function 
F, can be expressed in a simple form, or as giving an expansion of the 
product of two hypergeometric functions with different variables. 

The formula (1.1) was obtained by myself (1 and 2) in 1933, and 
I did not know until the discovery of the manuscript that Barnes had 
obtained the formula a quarter of a century before I did. The manu- 


script was quite a lengthy one and gave different forms of (1.1) with 


a number of diagrams illustrating the regions of validity in the different 
eases. I sent the work to Professor Watson, and at one time he con- 
templated writing a short note on it, but was deterred by the fact that 


the state of printing at the time was very difficult. 


2. About six months ago I heard again from Mrs. Barnes. She had 
been tidying up some of her father’s papers (not on mathematics) and 
she had found another manuscript by her husband. She kindly sent 
me the work, and I found that it was certainly a continuation of the 
memoir of 1907. Like the previous manuscript it considers products 
of functions with different variables. 

This manuscript begins with a reference to a paper by Bateman (4), 


Quart. J. Math. Oxford (2), 10 (1959), 236-40. 





ON TWO MANUSCRIPTS BY BISHOP BARNES 


who had proved the formula 


_ (trt%2\"p (amt) _ ¥ 2t+1 — 
ry 2 )'* "{ mal a Pant 2P nap) i), 
(2.1) 





and the more general result 


rf z 
) 5. +ateletall 


"(t+ 1) (t+ 1—m) < 
4 V(t m+ 1) P(n—t+ IP (tnt a PP) PM), (2.2) 





where m and n are positive integers. 

Barnes remarks that these results are simple cases of a large class 
of analogous formulae. The manuscript is a very lengthy one and is 
not nearly prepared for publication. I therefore suggested to Mrs. 
Barnes that I should write a note giving the main results of the manu- 
script without proofs, and this I propose to do here. The early formulae 
go in pairs, one giving a product of two functions as an integral, and 
the other being obtained from this by summation and the evaluation 
of an integral of Barnes’ type by residues. 


3. The first formula proved is 
PP (x,)P; ™ (Ze) 
ype Le) 0 ee 


—Qai J P(it+1—s) Pl+s—m)\ 2 2,—2s 





where the integral embraces the positive half of the real axis and en- 
closes solely the positive sequence of poles of the subject of integration. 
From this is deduced the formula 


("5 1)" Prats 
2 X,—Zs 
(—1)(2t+1) 


= n! Ttmtn) S ress cee p) Pea) PP), (3.2) 





where n is a positive integer and 2,, 2, (%,2,—1)/(x,—2,) have their 
real parts positive and are not less than or equal to unity ; the formula 
is true for general complex values of m. 

It is noted that, when m = 0, (3.2) reduces to (2.1) since 


P(—2,) = (—1fF(2)) 
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when ¢ is a positive integer. Also, by a similar method, Barnes proves 
the formula 


(2 ta)" p fyz%tl) ~~ l mt 


n! "| 24+22 | < th(n 2 


~ \t (> + 

Le X, 2% —1 mor 

2 p) i~3 | (3.3) 
\ x,—2z J 

Barnes now remarks ‘We have now to try to discover the more general 

theorem of which the result of the present paragraph is a special case: 


many tentative investigations led to the following theory’. 
4. He then proceeds to prove that 


D(—n)P(n+1)P(1+n—m)P(—n—m) PR(ax,) PR (x2) 


r(—s)0l(—m—s)T(s—n)P(s+n+1) » 


x (7 = =3) pal #3" : ds, (4.1) 


*\ 24,422 


where 2, 2%», (#, %+1)/(x,+2,) have their real parts positive and are 
not less than or equal to unity. 
In the proof of this he first proves that 


P(x) P(B)P(p,— «)P(p,—B) Fifa, B: py: yy} Pf, B; py; Yo} 


Dee Fg ‘ . see 
57! {p,) | T(—s)PU—p.—s)P(s+a)P(s+8)(1—y,)8(1 —y2)° » 


YWi¥o _ . Is 


< Fi —P2—8,—8; py; 
where «+8 = p,+p,—1, arg(l—y,)! and |arg(l1—y,)| are both less 
than 7, and |y¥, 4. (1—y,)(1—y,)| < 1. He then deduces (4.1) as a 
particular case. 


The next formula to be obtained is 


(2 /7)sin(n+1)z7 P(—n—m)P (n+ 1—m) Q(x) PP(xe) 


1 f P(s)P(s—m)C(n+1—s) Je = 
ini - —- “ - ere o ~ 
2m I'(n+1-+38) 


. 


and this may equally be written as 


(2/7)sin(n+ 1)27 Q,™(2,)PP"(x9) 


& s P(s) (n+ 1—s) Ly +2Xq\~* ym (71 %2+ 1) a 
Imi ; rin+14 syrd ere al I ‘| ; | ds. (4.5) 
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From (4.3) Barnes now deduces the expansion 


" = adhe n —- 
_ P(—n)r y+ Q\" pm ft %2 l 
20 (1+m-+n)sin nz 2 "| 24422 


(—1)-(2t—2n—1)T(t—2n- 
> Ee OR MePR aie) (64) 
= 
where 2x,, 2, (2 2+ 1)/(v,+2,) have their real parts positrve and are not 
less than or equal to 1, and |€,/€| < 1, where 


€ = xr—,(z*—1); 


the formula is then true for complex values of n, m, x,, 22. 


5. The next result obtained is that, for general values of n and q, 


(Xx? — )-9qQa(X) _ V(27)(22— 1)-§4(a3— 1) ~44(z2— l yi -hd y 


~ _ r + 2 od 
Set) Omsa(a,)Pz™-2(2,)Phif\(2), (6.1) 


han m! ri 
m=0 
where X = x, x%_+2,{(a?—1)(a3—1)}. Then, taking z= 1 in this 
formula, it is shown that (4.4) is a particular case. 
Special cases of (4.4) noted are 


l 
X+ 


~~ — = S(-K 2t+ 1)Fi(%2)Q (2), 
true for all values of x, and 2, if |€,| < ||, and 
S [- “ay 1(2t-+ 2 2q+ INP (t+: +2q+1) 


how t! 
t=0 


4. gi") Pr 4 (Xz) 


- me —— —2q~1/72__ ] )ba( 72 — ])i@ 5 
singaT(— 291) +) (x7 jit(as—1)#. (5.3) 





It is also deduced that, if n is a positive integer, then for general 
complex values of m 


ae) Pr} 
n 


n!V(m+n+1)\ 2 y+, | 





= Tt ee a ee 
> P(n—t+1)P (n+t+2 py Pima) Pi ( 2;). (5.4) 
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Another formula is 


al'(—n) {2 a ia 


2sin nz T'(m+n+1)\ r,+2, | 


n 


: on—} 2 sie 

=> (-1y£ = —— (¢—22—V) Om _(2,)Q™ (aq), (5.5) 

i=0 . 

provided that 2,, 2%, (%,2,+1)/(x,;+2) have their real parts positive 


and are not less than or equal to 1, and |£,/&) < 1. 


6. A more general result is now obtained for hypergeometric series, 


viz. 
P(a)P(B) 5, —w(1—y,)(1—Yy2)) 
(1+ wy,)-*(1+wy,)-8 F}\a,B; «+p; -— i 
Cy) WY») ['(a+f) \> B; a +B; (14 i 
P(a-+ m)T(8—m) 
== vo)" F{a, —m; 1—B—m; y;} » 
E tT lat Bt) (Fla —m: 1 Bm 9) 

F{p, —m; 1—a—m; yz} (6.1) 
if wy, ¥2| <1, w <1, and neither « nor £ has a real positive value 


which makes a series on the right infinite, and provided that y,, y, do 
not lie on the cross-cuts of the functions involved. 

After discussing the additon formulae for Q@,(X) and P(X), the 
manuscript gives the formula 


(X?—1)-#4@ PTX) = .(2)(aZ—1)-*4(axG— 1)-44(z2 — 1) #44 > 


-qg)T (1-4 +ag+t +2 l+n— 
~ (m+-q)P(1+m+q+n)P(m 2q)T n <P 
Pl+n+q)P+m)P+n- -q—m) 


— 
m=0 
aitty = Fn " ae) 
. P- m %(x,)P, “97, )Pi-a q r—3(2); (6.2) 
where as before X = x, x,+2,{(z?—1)(a3—1)}, and the formula is true 


for general complex values of n and q. 
The rest of the manuscript is very obscure, but I think that I have 
given enough to indicate briefly what it contains. 
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Another formula is 


2 sin na Pim 


2Qn—1)T (2 


t! (2 )Er 


n t(2), 


provided that 2x,, 2%, (%2%_+-1) (a,;+2,) have their real parts positive 
and are not less than or equal to 1, and &, & i. 


6. A more general result is now obtained for hypergeometric series, 
Viz. 
w(l1—y,)(1—Yy)) 


eal («)P(B) 


F), 


(l1—) WY) »B; «+P; 
ites l'(x+B8 ‘ (l-+wy,)(1-+ wy) } 


P(x+m)P(B+m) ; 
_ wy)" Fix, —m: 1—B—m:;: y} 
amt SN I'(x+B+m) 
v0 
' 


F{B, —m:; | r— mM: Yo} (6.1) 


if wy, Yo l, je 1, and neither x nor § has a real positive value 
which makes a series on the right infinite, and provided that y,, y, do 
not lie on the cross-cuts of the functions involved. 

After discussing the additon formulae for Q(X) and P.(X), the 


manuscript gives the formula 
X) = ,(2m)(xZ—1)-*4(23 


(m -g ra +m-+-q- n)V(m- 2q)T(1 - 1), 
P(l+n+-q)P(1+m)P(1+n—q—m) 


‘ Pe ™ (a,)P,, a @(x_)P5, . (2), (6.2) 


where as before X LY, Le+2z./{(2? x3—1)}, and the formula is true 
for general complex values of n and q. 
The rest of the manuscript is very obscure, but I think that I have 


given enough to indicate briefly what it contains, 
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